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Preface

This is a multipurpose text. When taken in full, including the “starred” sec-
tions, it is a graduate course covering differentiation on normed spaces and
integration with respect to complex and vector-valued measures. The starred
sections may be omitted without loss of continuity, however, for a junior or
senior course. One also has the option of limiting all to E™, or taking Riemann
integration before Lebesgue theory (we call it the “limited approach”). The
proofs and definitions are so chosen that they are as simple in the general case
as in the more special cases. In a nutshell, the basic ideas of measure theory
are given in Chapter 7, §81 and 2. Not much more is needed for the “limited
approach.”

In Chapter 6 (Differentiation), we have endeavored to present a modern
theory, without losing contact with the classical terminology and notation.
(Otherwise, the student is unable to read classical texts after have been taught
the “elegant” modern theory.) This is why we prefer to define derivatives as
in classical analysis, i.e., as numbers or vectors, not as linear mappings. The
latter are used to define a modern version of differentials.

In Chapter 9, we single out those calculus topics (e.g., improper integrals)
that are best treated in the context of Lebesgue theory.

Our principle is to keep the exposition more general whenever the general
case can be handled as simply as the special ones (the degree of the desired
specialization is left to the instructor). Often this even simplifies matters—
for example, by considering normed spaces instead of E™ only, one avoids
cumbersome coordinate techniques. Doing so also makes the text more flexible.

Publisher’s Notes

Text passages in blue are hyperlinks to other parts of the text.
Several annotations are used throughout this book:

* This symbol marks material that can be omitted at first reading.

= This symbol marks exercises that are of particular importance.






About the Author

Elias Zakon was born in Russia under the czar in 1908, and he was swept
along in the turbulence of the great events of twentieth-century Europe.

Zakon studied mathematics and law in Germany and Poland, and later he
joined his father’s law practice in Poland. Fleeing the approach of the German
Army in 1941, he took his family to Barnaul, Siberia, where, with the rest of
the populace, they endured five years of hardship. The Leningrad Institute of
Technology was also evacuated to Barnaul upon the siege of Leningrad, and
there Zakon met the mathematician I. P. Natanson; with Natanson’s encour-
agement, Zakon again took up his studies and research in mathematics.

Zakon and his family spent the years from 1946 to 1949 in a refugee camp
in Salzburg, Austria, where he taught himself Hebrew, one of the six or seven
languages in which he became fluent. In 1949, he took his family to the newly
created state of Israel and he taught at the Technion in Haifa until 1956. In
Israel he published his first research papers in logic and analysis.

Throughout his life, Zakon maintained a love of music, art, politics, history,
law, and especially chess; it was in Israel that he achieved the rank of chess
master.

In 1956, Zakon moved to Canada. As a research fellow at the University of
Toronto, he worked with Abraham Robinson. In 1957, he joined the mathemat-
ics faculty at the University of Windsor, where the first degrees in the newly
established Honours program in Mathematics were awarded in 1960. While
at Windsor, he continued publishing his research results in logic and analysis.
In this post-McCarthy era, he often had as his house-guest the prolific and
eccentric mathematician Paul Erdds, who was then banned from the United
States for his political views. Erdés would speak at the University of Windsor,
where mathematicians from the University of Michigan and other American
universities would gather to hear him and to discuss mathematics.

While at Windsor, Zakon developed three volumes on mathematical analysis,
which were bound and distributed to students. His goal was to introduce
rigorous material as early as possible; later courses could then rely on this
material. We are publishing here the latest complete version of the last of
these volumes, which was used in a two-semester class required of all Honours
Mathematics students at Windsor.






Chapter 6

Differentiation on E™ and Other
Normed Linear Spaces

§1. Directional and Partial Derivatives

In Chapter 5 we considered functions f: E! — E of one real variable.

Now we take up functions f: E/ — E where both E’ and E are normed

spaces.!

The scalar field of both is always assumed the same: E' or C (the complex
field). The case E = E* is excluded here; thus all is assumed finite.

We mostly use arrowed letters p, q, . . ., &, v, Z for vectors in the domain space
E’, and nonarrowed letters for those in E and for scalars.

As before, we adopt the convention that f is defined on all of E’, with
f(&) = 0 if not defined otherwise.

Note that, if p’ € E’, one can express any point & € E’ as
T =p+ta,
with t € E' and @ a unit vector. For if ¥ # p, set
{= |7l and @ = %(f—ﬁ);
and if ¥ = p, set t = 0, and any u will do. We often use the notation
t=Af=F—p=ti (tcE' t,icE).
First of all, we generalize Definition 1 in Chapter 5, §1.

Definition 1.

Given f: E' — E and §,@ € E' (@ # 0), we define the directional deriva-
tive of f along u (or u-directed derivative of f) at p' by

(1) Daf(7) = lin <175+ ti) — (7))

1 We now presuppose §§9-12 of Chapter 3, including the “starred” parts.
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if this limit exists in E (finite).
We also define the u-directed derived function,
Dgf: E' — E,
as follows. For any p'e E’,
}LI% %[f(ﬁ-% ti) — f(p)] if this limit exists,

Daf(ﬁ):{

0 otherwise.

Thus Dgzf is always defined, but the name derivative is used only if the
limit (1) exists (finite). If it exists for each p’'in a set B C E’, we call Dz f (in
classical notation 0 f/0u) the u-directed derivative of f on B.

Note that, as t — 0, & tends to p over the line Z = p'+ ti. Thus Dz f(p) can
be treated as a relative limit over that line. Observe that it depends on both
the direction and the length of @. Indeed, we have the following result.

Corollary 1. Gwen f: E' — E, @ # 0, and a scalar s # 0, we have
Dsﬁf = SDﬁ'f

Moreover, Dyz f (D) is a genuine derivative iff Dz f(p) is.
Proof. Set t = sf in (1) to get

sDaf() = im 275+ 0si0) ~ f(P)] = Doaf (7). O

In particular, taking s = 1/|u]|, we have

7 1
|Sﬂ” = @ =1 and Dgf = —Dsgf.
i s

Thus all reduces to the case Dz f, where v = s is a unit vector. This device,
called normalization, is often used, but actually it does not simplify matters.

If B/ = E™ (C™), then f is a function of n scalar variables zj (k=1,...,n)
and E’ has the n basic unit vectors €. This example leads us to the following
definition.

Definition 2.

If in formula (1), £ = E™ (C™) and @ = €}, for a fixed k < n, we call
Dgzf the partially derived function for f, with respect to xj, denoted

of
Dy f or @_xk7
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and the limit (1) is called the partial derivative of f at p, with respect to
xy, denoted

0 of
D — — .
If it exists for all p € B, we call Dy f the partial derivative (briefly,
partial) of f on B, with respect to x.

In any case, the derived functions Dy f (k =1,...,n) are always de-
fined on all of E™ (C™).

If B/ = E3 (C3), we often write x,y, z for x1, x5, x3, and

of of of _ 2
95 By o for Dif (k=1,2,3).

Note 1. If B/ = E', scalars are also “vectors,” and D, f coincides with f’
as defined in Chapter 5, §1 (except where f’ = +o0). Explain!

Note 2. As we have observed, the @-directed derivative (1) is obtained by
keeping & on the line & = p'+ tu.

If & = €, the line is parallel to the kth axis; so all coordinates of ¥, except
Tk, remain fized (z; = p;, i # k), and f behaves like a function of one variable,
xr. Thus we can compute Dy f by the usual rules of differentiation, treating
all z; (i # k) as constants and xj, as the only variable.

For example, let f(x,y) = x?y. Then

af _ _ ﬁ_ 2
5 = D f(z,y) = 2xy and 9y Dy f(z,y) = z°.

Note 3. More generally, given 5 and @ # 0, set
h(t) = f(p+td), te€ B
Then h(0) = f(p); so

Daf () = lim < [f(7+ ) — (7

= 1i h(t) B h(())
T -0
= 1'(0)

if the limit exists. Thus all reduces to a function h of one real variable.

For functions f: E! — E, the existence of a finite derivative (“differentia-
bility”) at p implies continuity at p (Theorem 1 of Chapter 5, §1). But in the
general case, f: E' — E, this may fail even if Dgf(p) exists for all @ # 0.

2 Similarly in the case E' = E? (C?).
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Examples.
(a) Define f: E? — E! by

2

fz,y) = xfifyz £(0,0) = 0.

Fix a unit vector @ = (uj,us) in E2. Let = (0,0). To find Dz f(p), use
the h of Note 3:
tudug

h(t) = '+ 1) = f(t) = fltur, tua) = =y

if (%) 75 0,

and h = 0 if us = 0. Hence

2
Uy .
Daf(p) =1 (0) = u—; if ug # 0,

and ' (0) = 0if uy = 0. Thus Dy(0) exists for all @. Yet f is discontinuous
at 0 (see Problem 9 in Chapter 4, §3).

(b) Let

x4y ifxy=0,

f(z,y) ={

1 otherwise.

Then f(x,y) = = on the z-axis; so D1 f(0,0) = 1.
Similarly, Dy f(0,0) = 1. Thus both partials exist at 0.

Yet f is discontinuous at 0 (even relatively so) over any line y = ax
(a # 0). For on that line, f(x,y) = 1 if (z,y) # (0,0); so f(z,y) — 1;
but £(0,0) =040 =0.

Thus continuity at 0 fails. (But see Theorem 1 below!)

Hence, if differentiability is to imply continuity, it must be defined in a
stronger manner. We do it in §3. For now, we prove only some theorems on
partial and directional derivatives, based on those of Chapter 5.

Theorem 1. If f: E' — E has a t-directed derivative at p € E’, then f is
relatively continuous at p over the line

f=p+ti (0#dcE).

Proof. Set h(t) = f(p+ti), t € E.

By Note 3, our assumption implies that h (a function on E') is differentiable
at 0.

By Theorem 1 in Chapter 5, §1, then, h is continuous at 0; so

lim A(t) = h(0) = f (D),
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ie.,

lim f(7+t@) = f(p).
But this means that f(Z) — f(p) as & — p over the line ¥ = p'+ tu, for, on
that line, ¥ = p'+ tu.

Thus, indeed, f is relatively continuous at p, as stated. [

Note that we actually used the substitution & = p'+ tu. This is admissi-
ble since the dependence between x and t is one-to-tone (Corollary 2(iii) of
Chapter 4, §2). Why?

Theorem 2. Let E' 54 =q§—p, @ #0.

If f: E' — E is relatively continuous on the segment I = L[p,q] and has a
u-directed derivative on I — @Q (Q countable), then

(2) 1f(@) = (D) <sup|Daf(T)], Tel-Q.

Proof. Set again h(t) = f(p'+ t@) and ¢(t) = p'+ tu.

Then h = f o g, and g is continuous on E*. (Why?)

As f is relatively continuous on I = L[p,q], so is h = f o g on the interval
J =[0,1] C E! (cf. Chapter 4, §8, Example (1)).

Now fix tg € J. If X9 = p+ tou € I — @, our assumptions imply the
existence of

Daf (F) = lim 7 [ (& + 1) — f (7o)

t—
1
= lim ;[f(ﬁ*F tol + ti) — f(p+ totl)]
o1
= lim ;[h(to +t) — h(to)]
=1 (ty). (Explain!)

This can fail for at most a countable set Q' of points ty € J (those for which
o € Q)
Thus h is differentiable on J — Q’; and so, by Corollary 1 in Chapter 5, §4,

[h(1) —=h(0)] < sup [W(t)|= sup [Daf(Z)l.
teJ—-Q’ zel—Q
Now as h(1) = f(7+ @) = f(§) and h(0) = f(p), formula (2) follows. [

Theorem 3. If in Theorem 2, E = E' and if f has a i-directed derivative at
least on the open line segment L(p,q), then

(3) f(@) — f(p) = Daf (%)

for some Ty € L(P, q).
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The proof is as in Theorem 2, based on Corollary 3 in Chapter 5, §2 (instead
of Corollary 1 in Chapter 5, §4).

Theorems 2 and 3 are often used in “normalized” form, as follows.

Corollary 2. If in Theorems 2 and 3, we set

r=lil = |7~ #0 and 5= i
then formudas (2) and (3) can. be written as
(2') 1f(@) = f(D)] < |q—pl sup|Dgf(Z)], Tel-Q,
and
(3") f(@) = f(p) = |d— P Dy f(Zo)

for some %y € L(p, q).
For by Corollary 1,

Dgf =rDyf =|q—p| Dy f;
so (2') and (3') follow.

Problems on Directional and Partial Derivatives

1. Complete all missing details in the proof of Theorems 1 to 3 and Corol-
laries 1 and 2.

2. Complete all details in Examples (a) and (b). Find D, f(p) and D2 f(p)
also for p' # 0. Do Example (b) in two ways: (i) use Note 3; (ii) use
Definition 2 only.

3. In Examples (a) and (b) describe Dgf: E? — E'. Compute it for
U= (17 1) = p.

In (b), show that f has no directional derivatives Dz f(p) except if
U || € or @ || €. Give two proofs: (i) use Theorem 1; (ii) use definitions
only.

4. Prove that if f: E™ (C™) — E has a zero partial derivative, Dy f = 0,
on a convex set A, then f(&) does not depend on xy, for ¥ € A. (Use
Theorems 1 and 2.)

5. Describe D;f and D, f on the various parts of E?, and discuss the
relative continuity of f over lines through 0, given that f(z,y) equals:

) xy . .

) —2 . ii) the integral part of = + y;
o TY 1 : 2’ —y’
11) — + xsin —; ) x ;

(v) sin(y cosx); (vi) x¥.
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(Set f = 0 wherever the formula makes no sense.)

=-6. Prove that if f: F/ — E! has a local maximum or minimum at p’ € E’,
then Dgf(p) = 0 for every vector @ # 0 in E’.
[Hint: Use Note 3, then Corollary 1 in Chapter 5, §2.]

7. State and prove the Finite Increments Law (Theorem 1 of Chapter 5,
§4) for directional derivatives.
[Hint: Imitate Theorem 2 using two auxiliary functions, h and k.]

8. State and prove Theorems 4 and 5 of Chapter 5, §1, for directional
derivatives.

§2. Linear Maps and Functionals. Matrices

For an adequate definition of differentiability, we need the notion of a linear
map. Below, E/, E”, and E denote normed spaces over the same scalar field,
E' or C.

Definition 1.

A function f: E' — E is a linear map if and only if for all ¥, 7 € E' and
scalars a, b

(1) f(aZ +by) = af(Z) + bf();
equivalently, iff for all such Z, ¥/, and a
f@+9) = f(z)+ f(y) and f(aZ) = af(Z). (Verify!)

If £ = E’, such a map is also called a linear operator.

If the range space E is the scalar field of E’, (i.e., E' or C,) the linear
map f is also called a (real or complex) linear functional on E’.

Note 1. Induction extends formula (1) to any “linear combinations”:

) / (i o) = i 0 ()

for all Z; € E’ and scalars a;.
Briefly: A linear map f preserves linear combinations.

Note 2. Taking a =b =0 in (1), we obtain f(0) = 0 if f is linear.
Examples.

(a) Let £/ = E™ (C™). Fix a vector ¥ = (v1,...,v,) in E’ and set
VZePlr') f@)=z0
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(inner product; see Chapter 3, §§1-3 and §9).

Then
f(aZ + by) = (a) - U+ (by) - ¥

=a(Z V) +b(y-v)
= af(Z) + bf(Y);

so f is linear. Note that if B/ = E™, then by definition,

f(ilj_") =7 U= Zxkvk = kal’k

k=1 k=1

If, however, £’ = C", then

where vy is the conjugate of the complex number vy.
By Theorem 3 in Chapter 4, §3, f is continuous (a polynomial!).

Moreover, f(Z) = -7 is a scalar (in E! or C'). Thus the range of f
lies in the scalar field of E’; so f is a linear functional on E’.

Let I = [0,1]. Let E’ be the set of all functions u: I — E that are of
class CD> (Chapter 5, §6) on I, hence bounded there (Theorem 2 of
Chapter 4, §8).

As in Example (C) in Chapter 3, §10, E’ is a normed linear space, with
norm

[ull = sup |u(x)].
xel

Here each function u € E’ is treated as a single “point” in E’. The
distance between two such points, u and v, equals ||u — v||, by definition.

Now define a map D on E’ by setting D(u) = u (derivative of u on T).
As every u € E’ is of class C D, so is u'.

Thus D(u) = v’ € E’', and so D: E' — E’ is a linear operator. (Its
linearity follows from Theorem 4 in Chapter 5, §1.)

Let again I = [0,1]. Let E’ be the set of all functions u: I — E that are
bounded and have antiderivatives (Chapter 5, §5) on I. With norm ||ul|
as in Example (b), E’ is a normed linear space.

Now define ¢: £ — E by

with [ as in Chapter 5, §5. (Recall that fol u is an element of E if
u: I — E.) By Corollary 1 in Chapter 5, §5, ¢ is a linear map of E’ into
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E. (Why?)
(d) The zero map f =0 on E’ is always linear. (Why?)

Theorem 1. A linear map f: E' — E is continuous (even uniformly so) on
all of E' iff it is continuous at 0; equivalently, iff there is a real ¢ > 0 such that

VieF) |f@)]<dal
(We call this property linear boundedness.)

Proof. Assume that f is continuous at 0. Then, given £ > 0, there is § > 0
such that

(@) — fO) =@ <e
whenever |Z — 6[ = 17| < 4.

Now, for any ¥ # 0, we surely have

Bl I
27| "2 ©
Hence
S 0x
VE#£0 — ]I <
a2 |r(5)] <
or, by linearity,
o
Sl /(@) <e,
2|7
ie.,
o 2€
@< Eia
By Note 2, this also holds if Z = 0.
Thus, taking ¢ = 2¢/J, we obtain
(3) (VZ e E') f(Z) <c|l#] (linear boundedness).

Now assume (3). Then
(VI g e E) [f(@—g)| < clZ -7
or, by linearity,
(4) VZge E) |f@) —f@l<clz—gl!

Hence f is uniformly continuous (given ¢ > 0, take 6 = ¢/¢). This, in turn,
implies continuity at 0; so all conditions are equivalent, as claimed. [J

L This is the so-called uniform Lipschitz condition.
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A linear map need not be continuous.? But, for E” and C™, we have the
following result.

Theorem 2.
(i) Any linear map on E™ or C™ is uniformly continuous.

(ii) Ewvery linear functional on E™ (C™) has the form
f(@) =2-7 (dot product)
for some unique vector v € E™ (C™), dependent on f only.

Proof. Suppose f: E™ — FE is linear; so f preserves linear combinations.
But every ¥ € E™ is such a combination,

T = Zxkék (Theorem 2 in Chapter 3, §§1-3).
k=1

Thus, by Note 1,
f(@) = f(z mkgk) =z f(Er).

k=1 k=1
Here the function values f(€}) are fixed vectors in the range space E, say,

f(gk) =, €K,
so that
(5) F@) = xrf@) =) zrve, vk €E.

k=1

k=1

Thus f is a polynomial in n real variables xj, hence continuous (even uniformly
so, by Theorem 1).

In particular, if £ = E! (i.e., f is a linear functional) then all vy in (5) are
real numbers; so they form a vector

U= (Ul,... ,’Uk> in En,
and (5) can be written as
f(@) =27
The vector ¥ is unique. For suppose there are two vectors, @ and ¥, such that
(VZe E™) f(¥)=%4-v=42 1.
Then
(Ve E") Z-(W—1u)=0.

2 See Problem 2(ii) below.
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—

By Problem 10 of Chapter 3, §§1-3, this yields ¥ — @ = 0, or ¥ = 4. This
completes the proof for £ = E™.
It is analogous for C"; only in (ii) the vy are complex and one has to replace

—

them by their conjugates vy, when forming the vector ¢ to obtain f(Z) = & - v.
Thus all is proved. [

Note 3. Formula (5) shows that a linear map f: E™ (C™) — E is uniquely
determined by the n function values vy, = f(€x).

If further £ = E™ (C™), the vectors vy are m-tuples of scalars,

Uk = (Vik, -+, Umk)-

We often write such vectors wertically, as the n “columns” in an array of m
“rows” and n “columns”:

V11 V12 ce V1in

V21 V22 ce Von
(6)

Um1 VUm?2 ce VUmn

Formally, (6) is a double sequence of mn terms, called an m x n matriz. We
denote it by [f] = (vix), where for k =1,2,...,n,
f(gk) = Vg = (’Ulk, ce ,Umk).

Thus linear maps f: E™ — E™ (or f: C™ — C™) correspond one-to-one to
their matrices [f].
The easy proof of Corollaries 1 to 3 below is left to the reader.

Corollary 1. If f,g: E' — E are linear, so is
h=af + bg

for any scalars a,b.
If further E' = E™ (C™) and E = E™ (C™), with [f] = (vi) and [g] = (wik),
then

[h] = (avik + bw;k).

Corollary 2. A map f: E™ (C™) — E is linear iff

where v, = f(€k).

Hint: For the “if,” use Corollary 1. For the “only if,” use formula (5) above.
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Corollary 3. If f: E' — E” and g: E"” — E are linear, so is the composite
h=gof.
Our next theorem deals with the matriz of the composite linear map g o f.

Theorem 3. Let f: E' — E” and g: E” — E be linear, with
E' =E"(C™), E"=E™(C™), and E = E" (C").
If [f] = (vir) and [g] = (wji), then
[h] =g o f]= (zk),

where

m
(7) zjk;:ijivik, i=12,....r, k=1,2,...,n.
i=1

Proof. Denote the basic unit vectors in E’ by

e
those in E” by
&l
and those in E by
€1,.--.,€r
Then for k =1,2,...,n,
m r
fleh) =vi =Y vire] and h(e}) = zjie;,
i=1 j=1
and for i =1,... m,
T
g(ef) = ijiej-
j=1
Also,
m m m T
h(ey) = g(f(e})) = 9(2 vik€§/> = Zvi/%l(e;/) = Z Uik (Z wjiej)-
i=1 i=1 i=1 j=1
Thus
T T m
hel) = D zmes = <Z “’ﬁ”i’“) €
Jj=1 j=1 Vi=1

But the representation in terms of the e; is unique (Theorem 2 in Chapter 3,
§81-3), so, equating coefficients, we get (7). O
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Note 4. Observe that z;; is obtained, so to say, by “dot-multiplying” the
jth row of [g] (an r x m matrix) by the kth column of [f] (an m x n matrix).

It is natural to set

9] [f] = 1lg o 1],
or
(wji) (vik) = (k)
with z; as in (7).
Caution. Matrix multiplication, so defined, is not commutative.

Definition 2.

The set of all continuous linear maps f: E' — E (for fixed E' and F) is
denoted L(E', E).

If E=FE', we write L(E) instead.

For each f in L(E', E), we define its norm by

I£Il = sup [£(2)].°
|1Z|<1
Note that || f|| < 400, by Theorem 1.
Theorem 4. L(E', E) is a normed linear space under the norm defined above

and under the usual operations on functions, as in Corollary 1.

Proof. Corollary 1 easily implies that L(E’, E) is a vector space. We now
show that || - || is a genuine norm.
The triangle law,
Lf =+ gll < [1f11 + Mgl
follows exactly as in Example (C) of Chapter 3, §10. (Verify!)

Also, by Problem 5 in Chapter 2, §§8-9, sup |af(Z)| = |a|sup |f(Z)|. Hence
laf|l = |al||f]| for any scalar a.

As noted above, 0 < || f]| < +o0.
It remains to show that ||f|| = 0 iff f is the zero map. If

If]l = sup [f(Z)] =0,
|Z|<1
then |f(Z)] = 0 when |Z| < 1. Hence, if & # 0,
z |
f(T) = = f(Z) =0.
/|7

As f(0) = 0, we have f(Z) =0 for all T € E'.
Thus || f|| = 0 implies f = 0, and the converse is clear. Thus all is proved. O

3 Equivalently, || f|| = SUP 5 | f(Z)]/|Z]; see Note 5 below.
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Note 5. A similar proof, via f (%) and properties of lub, shows that
/(@) )
7]

(V@eE) |f@]< £
It also follows that || f]| is the least real ¢ such that
(VZeE) [f(@)]< ]

|71l = sup |
A0

and

Verify. (See Problem 3'.)
As in any normed space, we define distances in L(E’, E) by

p(f,9) = |f —gll;

making it a metric space; so we may speak of convergence, limits, etc., in it.

Corollary 4. If f € L(E',E") and g € L(E",E), then
lg o £l < llgll [I£1I
Proof. By Note 5,
(V@ e E) |g(f@) < lglllf@] < lglllIf1|Z].

Hence (60 1))
(V£ 0) [ < gl 11
=0 (9o @)
gl 171> sup LoD _yoo gy o
40 |7

Problems on Linear Maps and Matrices

1. Verify Note 1 and the equivalence of the two statements in Definition 1.

2. In Examples (b) and (c) show that
fn — [ (uniformly) on I iff || f, — f|| — O,

ie., fn— fin E'.
[Hint: Use Theorem 1 in Chapter 4, §2.]
Hence deduce the following.

(i) If E' is complete, then the map ¢ in Example (c) is continuous.
[Hint: Use Theorem 2 of Chapter 5, §9, and Theorem 1 in Chapter 4, §12.]

(ii) The map D of Example (b) is not continuous.
[Hint: Use Problem 3 in Chapter 5, §9.]
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3.
3.

Prove Corollaries 1 to 3.
Show that
1@

’_’|

If]l = sup [f(Z)| = sup [f(Z)] = sup

|Z]<1 |Z|=1 ##0

[Hint: From linearity of f deduce that |f(Z)| > |f(cz)| if |¢| < 1. Hence one may
disregard vectors of length < 1 when computing sup |f(Z)|. Why?]

Find the matrices [f], [g], [h], [k], and the defining formulas for the
linear maps f: E? — E', g: E> - E* h: E* - E? k: E' — E3 if

(i) f(er) =3, f((?g) = =2

(ii) g(e1) = (1,0,-2,4), g(€2) = (0,2,-1,1), g(€3) = (0,1,0, —1);

(iii) ( 1) ( ) h(€2) = (Oa _2)5 h(€3) = (170)7 h(€4) = (_17 1);
) k(

(iv) k(1) = (0,1, -1).

. In Problem 4, use Note 4 to find the product matrices [k][f], [g] [k],

[f]1[h], and [h][g]. Hence obtain the defining formulas for ko f, g o k,
foh,and hog.

. For m x n-matrices (with m and n fixed) define addition and multipli-

cation by scalars as follows:
alf] + blg) = [af +bg] if f.g € L(E", E™) (or L(C",C™)).

Show that these matrices form a vector space over E! (or C).

With matrix addition as in Problem 6, and multiplication as in Note 4,
show that all n x n-matrices form a noncommutative ring with unity,
i.e., satisfy the field axioms (Chapter 2, §§1-4) except the commutativity
of multiplication and existence of multiplicative inverses (give counterex-
amples!).

Which is the “unity” matrix?

Let f: E/ — FE be linear. Prove the following statements.
(i) The derivative Dgf(p) exists and equals f(@) for every p,u € E’
(@ # 0);
(ii) f is relatively continuous on any line in E’ (use Theorem 1 in §1);
(iii) f carries any such line into a line in F.
Let g: E” — E be linear. Prove that if some f: E/ — E” has a u-

directed derivative at 7 € E’, so has h = go f, and Dzh(p) = g(Daf(D)).
[Hint: Use Problem 8.]
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10.

11.

12.

13.

Chapter 6. Differentiation on E™ and Other Normed Linear Spaces

A set A in a vector space V (A C V) is said to be linear (or a linear
subspace of V) iff aZ + by € A for any Z,§ € A and any scalars a,b.
Prove the following.

(i) Any such A is itself a vector space.

(ii) If f: B/ — FE is a linear map and A is linear in E’ (respectively,
in E), so is f[A] in E (respectively, so is f~1[A] in E').

A set A in a vector space V is called the span of aset B C A (A = sp(B))
iff A consists of all linear combinations of vectors from B. We then also
say that B spans A.

Prove the following:

(i) A =sp(B) is the smallest linear subspace of V' that contains B.
(ii) If f: V — E is linear and A = sp(B), then f[A] =sp(f[B]) in E.

A set B = {¥1,%,...,Z,} in a vector space V is called a basis iff each
U € V has a unique representation as

n
U= E ai@-
i=1

for some scalars a;. If so, the number n of the vectors in B is called the
dimension of V, and V is said to be n-dimensional. Examples of such
spaces are E™ and C™ (the é) form a basis!).

(i) Show that B is a basis iff it spans V (see Problem 11) and its
elements T; are linearly independent, i.e.,

Z a;%; = 0 iff all a; vanish.
i=1
(ii) If £’ is finite-dimensional, all linear maps on E’ are uniformly
continuous. (See also Problems 3 and 4 of §6.)

Prove that if f: B! — E is continuous and (Vx,y € E')

flz+y) = fl2)+ fy),

then f is linear; so, by Corollary 2, f(x) = vx where v = f(1).

[Hint: Show that f(az) = af(x); first for a = 1,2,... (note: nt =z +x+ - + =z,
n terms); then for rational a = m/n; then for a = 0 and a = —1. Any a € E' is a
limit of rationals; so use continuity and Theorem 1 in Chapter 4, §2.]

§3. Differentiable Functions

As we know, a function f: E' — E (on E') is differentiable at p € E* iff, with
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Af=f(z) - f(p) and Az =z —p,

f'(p) = lim i—i exists  (finite).

r—Dp

Setting A =x —p=t, Af = f(p+1t)— f(p), and f'(p) = v, we may write
this equation as

lim ﬂ—v‘—O

or

(1) lim mlf(pﬂ) f(p) —vt] =0.

Now define a map ¢: E' — E by ¢(t) = tv, v = f/(p) € E.
Then ¢ is linear and continuous, i.e., ¢ € L(E', E); so by Corollary 2 in §2,
we may express (1) as follows: there is a map ¢ € L(E*, E) such that

lim A f — ()] = 0.

t—0 |t’
We adopt this as a definition in the general case, f: E' — E, as well.
Definition 1.

A function f: E/ — E (where E’ and E are normed spaces over the same
scalar field) is said to be differentiable at a point p'€ E’ iff there is a map

¢ € L(E', E)
such that
A t)| =0;
tim 17 — 60} =
that is,
(2) g?ﬂ £+ 1) — £(5) — 6(B)] = 0.

As we show below, ¢ is unique (for a fixed p), if it exists.

We call ¢ the differential of f at p, briefly denoted df. As it depends
on i, we also write df (:1) for df(t) and df(p, - ) for df.

Some authors write f/(p) for df (p, - ) and call it the derivative at p, but we
shall not do this (see Preface). Following M. Spivak, however, we shall use
“If"(P)]” for its matriz, as follows.

Definition 2.
If B/ = E"(C") and E = E™ (C™), and f: E' — E is differentiable at
D, we set

()] = [df (2, - )]
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and call it the Jacobian matriz of f at p.

Note 1. In Chapter 5, §6, we did not define df as a mapping. However, if
E' = E', the function value

df (p;t) = vt = f'(p)Ax

is as in Chapter 5, §6.

Also, [f'(p)] is a 1 x 1 matrix with single term f’(p). (Why?) This motivated
Definition 2.

Theorem 1 (uniqueness of df). If f: E' — E is differentiable at p, then the
map ¢ described in Definition 1 is unique (dependent on f and p’ only).

Proof. Suppose there is another linear map ¢g: £ — E such that

(3) ,Enﬂ [+~ [(5) — g(d)] = lim —[Af — g(i}] = 0.

aink

Let h = ¢ — g. By Corollary 1 in §2, A is linear.
Also, by the triangle law,

(B = |6() — 9B < |Af = o(E)] + [Af — g(B)].
Hence, dividing by |#],

w(E) = L@ < Liar o)+ L ias - o)
()| = e < m

By (3) and (2), the right side expressions tend to 0 as  — 0. Thus

ii%h<ﬂ):0'

This remains valid also if # — 0 over any line through 0, so that £/|f] remains
constant, say t/|t] = i, where @ is an arbitrary (but fixed) unit vector.

Then )
()

is constant; so it can tend to 0 only if it equals 0, so h(#) = 0 for any unit
vector .

Since any ¥ € E’ can be written as & = |Z| i, linearity yields
h(Z) = |Z| h(Z) = 0.

Thus h = ¢ — g = 0 on E’, and so ¢ = g after all, proving the uniqueness
of . [
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Theorem 2. If f is differentiable at p, then

(i) f is continuous at p;

(ii) for any @ # 0, f has the i-directed derivative
Dy f(p) = df (; ).

Proof. By assumption, formula (2) holds for ¢ = df (p, -).

Thus, given ¢ > 0, there is § > 0 such that, setting Af = f(5+t) — f(p)
we have

(4) \Af $(t)| < € whenever 0 < |] < &;

[

or, by the triangle law,
() [Af] < IAf = o@)] + o) < el + ()], 0<[t] <a.

Now, by Definition 1, ¢ is linear and continuous; so
lim [¢()] = |6(D)] = 0.

Thus, making ¢ — 0 in (5), with ¢ fixed, we get
lim [Af] = 0.
t—0

As f is just another notation for AZ = Z — , this proves assertion (i).
Next, fix any @ # 0 in E’, and substitute ti for £ in (4).
In other words, ¢ is a real variable, 0 < t < &/|i|, so that t = til satisfies
0<|t] < 6.
Multiplying by ||, we use the linearity of ¢ to get
Af ¢tu _ | f@+ta) — f(P)
= 15 o] = [FEREE -

elu| >

As g is arbitrary, we have

- N O
¢(a) = lim ~[f(p'+ td) — f(p)].
But this is simply Dgf(p), by Definition 1 in §1.
Thus Dz f(p) = ¢(u) = df (p; u), proving (ii). O

Note 2. If E/ = E™ (C™), Theorem 2(ii) shows that if f is differentiable at
P, it has the n partials

Def(F) = df (5 &), k=1,...,n.



20 Chapter 6. Differentiation on E™ and Other Normed Linear Spaces

But the converse fails: the existence of the Dy f(p) does not even imply con-
tinuity, let alone differentiability (see §1). Moreover, we have the following
result.

Corollary 1. If E' = E™ (C™) and if f: E' — E is differentiable at p, then

n

(6) f (1) = Z tk D f (D) Z

where t = (t1,...,t,).

Proof. By definition, ¢ = df (p, -) is a linear map for a fixed p.
If E' = E™ or C", we may use formula (3) of §2, replacing f and & by ¢ and
t, and get

¢() = df (1) = Y trdf (i) = Y te Dif (D)
k=1 k=1

by Note 2. [

Note 3. In classical notation, one writes Az or dzy for t; in (6). Thus,
omitting 7 and ¢, formula (6) is often written as

of of af
6 df = ——dx
() T L
In particular, if n = 3, we write x,y, z for x1, s, x3. This yields
(6") df—afd —I—%d +a—fd

(a familiar calculus formula).

Note 4. If the range space E in Corollary 1 is E' (C), then the Dy f(p)
form an n-tuple of scalars, i.e., a vector in E™ (C™).

In case f: E™ — E', we denote it by

n

V@) = (Dif (D), Duf (D) = EDif(P).

k=1

In case f: C™ — C, we replace the Dy f(p) by their conjugates Dy f(p) and set
Vi@ = éDrf(p)
k=1

The vector V f(p) is called the gradient of f (“grad f”) at p.
From (6) we obtain

(7) D) =S teDef(7) = - V()
k=1
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(dot product of by Vf(p)), provided f: E® — E' (or f: C™ — C) is differ-
entiable at p.
This leads us to the following result.
Corollary 2. A function f: E™ — E' (or f: O™ — C) is differentiable at p
if
1
8 lim —
2 -0 |{]
for some v € E™ (C™).
In this case, necessarily = NV f(p) and t- ¥ = df (p:1), t € E™ (C™).
Proof. If f is differentiable at p, we may set ¢ = df (p, -) and ¥ = V f(p).
Then by (7),

[fF+8) — f(@) — -9 =0

o(f) = df (pif) =1 5

so by Definition 1, (8) results.

Conversely, if some ¥ satisfies (8), set ¢(f) = £-#. Then (8) implies (2), and
¢ is linear and continuous.

Thus by definition, f is differentiable at p; so (7) holds.

Also, ¢ is a linear functional on E™ (C™). By Theorem 2(ii) in §2, the ¢ in
$(t) =t -7 is unique, as is ¢.

Thus by (7), v = V f(p) necessarily. [

Corollary 3 (law of the mean). If f: E™ — E* (real) is relatively continuous
on a closed segment L[p, q], P # 4, and differentiable on L(p,q), then

(9) (@) = f®) = (d—p) -V f(Zo)
for some Zy € L(p, Q).
Proof. Let

— 1 — — —
i, T = (= 7, and 1 = (7 7).

Sl

r=|
By (7) and Theorem 2(ii),
Dyf(Z) = df (T;0) = v Vf(T)
for ¥ € L(p,q). Thus by formula (3") of Corollary 2 in §1,
(@) = f(P) = rDzf(Zo) = rv- Vf(Zo) = (¢ —p) - V[(Zo)
for some 7y € L(p,q). O

As we know, the mere existence of partials does not imply differentiability.
But the existence of continuous partials does. Indeed, we have the following
theorem.
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Theorem 3. Let E' = E™ (C™).

If f: E' — E has the partial derivatives Dif (K = 1,...,n) on all of an
open set A C E’, and if the Dy f are continuous at some p € A, then f is
differentiable at p.

Proof. With p as above, let
f} = Ztkaf(ﬁ) with ¢ = Ztkgk cF.
k=1 k=1

Then ¢ is continuous (a polynomial!) and linear (Corollary 2 in §2).
Thus by Definition 1, it remains to show that

lim —|A t
lim |7| f—o®)] =
that is,
(10) |77 = 17 - Zwkm):o.

To do this, fix € > 0. As A is open and the Dy f are continuous at p' € A,
there is a § > 0 such that G3(d) C A and simultaneously (explain this!)

. S £
(VZ € Gpd) [Def(@) = Drf(@)| < k=1,....n
Hence for any set I C G(6)

(11) sup | Dy f(Z) — Dy f(p)| <

rel

(Why?)

S o

Now fix any £ € E’, 0 < |t| < §, and let py = P,

k
ﬁk:ﬁ+ztiei7 k=1,...,n.
=1

Then

n
o =P+ ) i =P+,

Dk — Di—1| = |tx|, and all pj, lie in Gy(6), for

k k n
D ties| = (| D [61P < (| Do =1l <4,
=1 =1 =1

Pk — D] =

as required.
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As Gp(0) is convexr (Chapter 4, §9), the segments I, = L[pi_1, pi| all lie in
G5(0) C A; and by assumption, f has all partials there.

Hence by Theorem 1 in §1, f is relatively continuous on all Ik.

All this also applies to the functions g, defined by

(12) VZeE") gu(@) = f(@) —xDrf(p), k=1,...,n.
(Why?) Here
Dygi(Z) = Dy f(Z) — D f (D).
(Why?)
Thus by Corollary 2 in §1, and (11) above,

|9k (Pk) — 9k (Pe—1)| < |l — Po—1| sup |Dy f(Z) — Dif(D)|

el

< =tk <=2
< Sl < Sl

since
[P — Pr_1] = [trex] < |,

by construction.

Combine with (12), recalling that the kth coordinates xy, for pj and pk_1,
differ by ti; so we obtain

|9k (Pk) — 9k (Pk—1)| = | f(Pk) — f(Pk-1) — t Di. f (D)

(13)

< il
Also,
S UG — )] = £(F) — o)
- — FF+1) — () = Af (see above).
Thus

'Af - zn:tka:f(ﬁ)‘
k=1

Z f(Dk—1) =t Dy f(P)]
k=
Elﬂ = elt].

As € is arbitrary, (10) follows, and all is proved. [

Theorem 4. If f: E™ — E™ (or f: C™ — C™) is differentiable at p, with
f="f1,-- s fm), then [f'(P)] is an m x n matriz,

(14) [f'(P) = [Drfi(®], i=1,....,m, k=1,...,n.
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Proof. By definition, [f/(p)] is the matrix of the linear map ¢ = df (p, -),
¢ = (¢1,...,bm). Here

¢(t) = > trDrf(D)
k=1

by Corollary 1.

As f = (f1,..-, fm), we can compute Dy f(p) componentwise by Theorem 5
of Chapter 5, §1, and Note 2 in §1 to get

Dy f(p) = (D f1(P); - - -, Di.fm (D))
=> eiDefi(p), k=12,...,n,
=1

where the e, are the basic vectors in E™ (C™). (Recall that the €j are the
basic vectors in E™ (C™).)

Thus "
$(t) =Y eiou(t)
i=1
Also,

= =1 =

The uniqueness of the decomposition (Theorem 2 in Chapter 3, §§1-3) now
yields

¢2(£>:Ztkafz<m7 izl;"'7m7 {E E" (Cn)

If here ¢ = &, then t; = 1, while t; =0 for j # k. Thus we obtain
Qﬁz(gk):Dkfz(pj, i=1,...,m, l{::l,...,n

Hence
o(€r) = (Vik, Vaks -« Vmk),
where

vik = ¢i(€x) = Dy fi (D).

But by Note 3 of §2, v1k, ..., vmk (written vertically) is the kth column of
the m x n matrix [¢] = [f'(p)]. Thus formula (14) results indeed. [

In conclusion, let us stress again that while Dz f(p) is a constant, for a fixed

P, df (p, -) is a mapping
¢ € L(E’,E),

especially “tailored” for p.
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The reader should carefully study at least the “arrowed” problems below.

1.
2.
=3.

=5.

=T.

Problems on Differentiable Functions

Complete the missing details in the proofs of this section.
Verify Note 1. Describe [f'(p)] for f: E' — E™, too. Give examples.
A map f: E' — E is said to satisfy a Lipschitz condition (L) of order
a >0 at piff

(30>0) K € B') (VT € G3(0)) |f(@) — f(p)| < K|T—p".
Prove the following.

(i) This implies continuity at p’ (but not conversely; see Problem 7 in
Chapter 5, §1).

(ii) L of order > 1 implies differentiability at p, with df(p,-) = 0
on E.

(iii) Differentiability at 7 implies L of order 1 (apply Theorem 1 in §2
to ¢ = df).
(iv) If f and g are differentiable at p, then

1
;
P | AT

|Afl[Ag] = 0.

For the functions of Problem 5 in §1, find those p at which f is differ-
entiable. Find

Vf(ﬁ)? df(ﬁa ’ )7 and [f/(ﬁ)]
[Hint: Use Theorem 3 and Corollary 1.]

Prove the following statements.
(i) If f: B/ — FE is constant on an open globe G C E’, it is differen-
tiable at each p'e G, and df (p, -) =0 on E'.

(ii) If the latter holds for each p' € G — @ (Q countable), then f is
constant on G (even on G) provided f is relatively continuous
there.

[Hint: Given p, 7 € G, use Theorem 2 in §1 to get f(p) = f(q).]

Do Problem 5 in case G is any open polygon-connected set in E’. (See
Chapter 4, §9.)

Prove the following.
(i) If f,g: E' — E are differentiable at p, so is

h=af + bg,
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=8.

=9.

10.

11.

Chapter 6. Differentiation on E™ and Other Normed Linear Spaces

for any scalars a,b (if f and g are scalar valued, a and b may be
vectors); moreover,

d(af 4+ bg) = adf + bdg,
ie.,
dh(p;t) = adf (;7) + bdg(p;t), te B
(i) In case f,g: E™ — E! or C™ — (', deduce also that
Vh(p) =aVf()+bVg(p).

Prove that if f,g: E' — E' (C) are differentiable at {5, then so are

g
h=gf and k= =.
f

(the latter, if f(p) # 0). Moreover, with a = f(p) and b = g(p), show
that

(i) dh =adg+ bdf and

(i) dk = (adg — bdf)/a>.
If further £ = E™ (C™), verify that
(iii) VA(p) = aVg(p) + bV f(p) and
(iv) Vk(p) = (aVg(p) — bV f(p))/a’.

Prove (i) and (ii) for vector-valued g, too.
[Hints: (i) Set ¢ = adg + bdf, with a and b as above. Verify that

Ah = ¢(t) = g(P)(Af — df () + F(D)(Ag — dg(£)) + (Af)(Ag).
Use Problem 3(iv) and Definition 1.
(ii) Let F(t) = 1/f(). Show that dF = —df /a®. Then apply (i) to gF.]
Let f: E' — E™(C™), f = (f1,..., fm). Prove that

(i) f is linear iff all its m components f; are;

(ii) f is differentiable at p' iff all fi are, and then df = (dfy,...,dfmn).
Hence if f is complex, df = dfe + 1 - dfim.

Prove the following statements.
(i) If f € L(E',FE) then f is differentiable on E’, and df (p, -) = f,
peEE.
(ii) Such is any first-degree monomial, hence any sum of such mono-
mials.

Any rational function is differentiable in its domain.
[Hint: Use Problems 10(ii), 7, and 8. Proceed as in Theorem 3 in Chapter 4, §3.]
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12.

13.

14.

15.

*16.

17.

Do Problem 8(i) in case g is only continuous at p, and f(p) = 0. Find
dh.

Do Problem 8(i) for dot products h = f - g of functions f,g: £/ —
E™(C™).
Prove the following.
(i) If € L(E™, E') or ¢ € L(C™,C), then ||¢|| = ||, with ¥ as in §2,
Theorem 2(ii).

(i) If f: E™ — E' (f: C™ — C') is differentiable at p, then
ldf (B, )l = IVF D).

Moreover, in case f: E" — E*,

IVf(@D)| = Daf(p) if [u] =1

and

Vi)
V@)

\Vf(®)| = Dzaf(p) when i =

thus

V(D) —m|a_qu af(p).

[Hints: Use the equality case in Theorem 4(c’) of Chapter 3, §§1-3. Use formula (7),
Corollary 2, and Theorem 2(ii).]
Show that Theorem 3 holds even if

(i) Dy f is discontinuous at p, and

(ii) f has partials on A — @ only (@ countable, p ¢ @), provided f is
continuous on A in each of the last n — 1 variables.

[Hint: For k = 1, formula (13) still results by definition of Dj f, if a suitable § has
been chosen.]
Show that Theorem 3 and Problem 15 apply also to any f: £/ — E
where E’ is n-dimensional with basis {u1,...,4,} (see Problem 12 in
§2) if we write Dy f for Dy, f.
[Hints: Assume |dg| = 1, 1 < k < n (if not, replace @y by @x/|tk|; show that this
yields another basis). Modify the proof so that the pj, are still in G5(d). Caution:
The standard norm of E™ does not apply here.]
Let fi: B! — E' be differentiable at p, (k = 1,...,n). For ¥ =
(z1,...,2,) € E™, set

ka .I‘k andG H

k=1

Show that F' and G are differentiable at g = (p1,...,pn). Express VF(p)
and VG(p) in terms of the f[ (pg).
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[Hint: In order to use Problems 7 and 8, replace the fj, by suitable functions defined
on E™. For VG(p), “imitate” Problem 6 in Chapter 5, §1.]

§4. The Chain Rule. The Cauchy Invariant Rule

To generalize the chain rule (Chapter 5, §1), we consider the composite h = go f
of two functions, f: B/ — E” and ¢g: E” — E, with E’, E”, and E as before.

Theorem 1 (chain rule). If
f:E —-E" andg: E" — E
are differentiable at p and ¢ = f(p), respectively, then
h=gof

is differentiable at p, and
(1) dh(p; -) = dg(q, -) o df (P, -)-

Briefly: “The differential of the composite is the composite of differentials.”

Proof. Let U =df(p, ), V =dg(q, -), and ¢ =V o U.
As U and V are linear continuous maps, so is ¢. We must show that ¢ =
Here it is more convenient to write AZ or & — j for the “¢” of Definition 1
in §3. For brevity, we set (with ¢= f(p))

(2) w(Z) = Ah — ¢(AZ) = h(Z) - h(p) — (T —p), T€E
(3) u(@) = Af —U(AZ) = f(Z) - f(p) ~U(Z - p), TEF,
(4) v(y) = Ag = V(A)) =g9(i) —9() -V —q), §EE"

Then what we have to prove (see Definition 1 in §3) reduces to

(5) lim 2 _
7= [T = Pl

0,

while the assumed existence of df(p, -) = U and dg(q, -) = V can be ex-
pressed as

(5) lim 4E) g

and

(5") 1m_%m =0, 7= f().
7—a |J —
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From (2) and (3), recalling that h = go f and ¢ =V o U, we obtain

w(Z) = g(f(2)) —9(¢) = V(U(Z - D))
= 9(f(7)) — 9(q) = V(f(Z) = F(P) — u(Z)).

Using (4), with ¢ = f(&), and the linearity of V', we rewrite (6) as
w(@) = g(f(Z)) — 9(q) =V (f(z) = f(p)) = V(u(z))
v(

(6)

= o(f(Z)) + V(u(Z)).
(Verify!) Thus the desired formula (5) will be proved if we show that
(6") tim UE)
i—p |Z — Pl
and

L@

ip |T—p]

(6”)
Now, as V is linear and continuous, formula (5) yields (6"). Indeed,
LA CLC) B, v(i‘(ix)
i—p |T — Pl i—p |7 — P
by Corollary 2 in Chapter 4, §2. (Why?)
Similarly, (5”) implies (6”") by substituting ¢ = f(Z), since
£ (Z) = f(P)| < K|Z — Pl
by Problem 3(iii) in §3. (Explain!) Thus all is proved. [

)=V@=o

Note 1 (Cauchy invariant rule). Under the same assumptions, we also have
(7) dh(p;t) = dg(g: 5)

if ¥ =df(p;t), t € E.
For with U and V as above,

Thus if

we have
dh(p;t) = ¢(t) = V(U(F)) = V(3) = dg(q: 5),

proving (7).
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Note 2. If
E =E" cm), E'=FE™ (C™), and E = E" (C")

then by Theorem 3 of §2 and Definition 2 in §3, we can write (1) in matriz
form,

[ ()] = 19" (@] [f (2],

resembling Theorem 3 in Chapter 5, §1 (with f and g interchanged). Moreover,
we have the following theorem.

Theorem 2. With all as in Theorem 1, let
E' =E"(C™), E" = E™(C™),

and

f: (flv"'vfm)'
Then

Dyh(p) = Z D;ig(q) Dr f:(p);

or, in classical notation,

0 "9 0
(8) a—%h(@—gayig(@'a—mfi(ﬁ)a k=1,2,...,n.

Proof. Fix any basic vector €}, in E' and set
s=df(piex), §=(s1,...,8n) € E".
As f is differentiable at p, so are its components f; (Problem 9 in §3), and
s; = dfi(p; €x) = Dy fi(D)

by Theorem 2(ii) in §3. Using also Corollary 1 in §3, we get

m

dg(g:5) = s:iDig(q) = ZDkfi(@Dz‘g(@-

i=1
But as §= df (p; €), formula (7) yields
dg(q; §) = dh(p: €x) = Dih(p)
by Theorem 2(ii) in §3. Thus the result follows. [

Note 3. Theorem 2 is often called the chain rule for functions of several
variables. It yields Theorem 3 in Chapter 5, §1, if m =n = 1.
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In classical calculus one often speaks of derivatives and differentials of vari-
ables y = f(x1,...,x,) rather than those of mappings. Thus Theorem 2 is
stated as follows.

Let u=g(y1,...,ym) be differentiable. If, in turn, each

Yi = fz'(l'l,...,lbn)

is differentiable for i = 1,...,m, then u is also differentiable as a com-
posite function of the n variables xx, and (“simplifying” formula (8)) we
have

ou " Ou Oy,
! — = k=1,2,...,n.
(8) amk ; 8yz 6mk, Y 9 7n

It is understood that the partials

ou ;
— and IYi are taken at some p € E’,
a.fﬂk ka

while the du/dy; are at ¢ = f(p), where f = (f1,..., fm). This “variable”
notation is convenient in computations, but may cause ambiguities (see the
next example).

Example.

Let u = g(x,y, z), where z depends on x and y:
Z:fg(l’,y)-
Set fl(x7y) =, f2(x7y) =Y, f = (f17f27f3)7 and h = gof7 S0

h(l‘,y) = g(ZL‘,y,Z).

By (8'),
du_ouoe oudy  oud:
dr  Ox dr Oy Oz Oz Oz’
Here
dxz  Of1 Jdy
%— al' =1 and 83;'_0’

for fo does not depend on x. Thus we obtain

o ou_ou ou oz
or Or 0z Ox’
(Question: Is (0u/0z) (9z/0x) = 07)
The trouble with (9) is that the variable u “poses” as both g and h.
On the left, it is h; on the right, it is g.
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To avoid this, our method is to differentiate well-defined mappings, not
“variables.” Thus in (9), we have the maps
g: B> - E and f: E*> — E°,

with f1, f2, f3 as indicated. Then if h = g o f, Theorem 2 states (9)
unambiguously as

1h(p) = D1g(q) + D3g(q) - D1.f(9),
where p € E? and

= f(P) = (p1,p2, f3(P))-

(Why?) In classical notation,
on_og 09 0l
oxr Or 0z Ox
(avoiding the “paradox” of (9)).

Nonetheless, with due caution, one may use the “variable” notation where
convenient. The reader should practice both (see the Problems).

Note 4. The Cauchy rule (7), in “variable” notation, turns into

(10) du = Z 8y g—u dxy,

where dxj, =t and dy; = df;(p; F)
Indeed, by Corollary 1 in §3,

dh(p: 1) = Zth (P) - tx and dg(q: & Zng q) - si-
k=1
Now, in (7),
§=(51,...,5m) = df (p: 1);
so by Problem 9 in §3,
dfz(ﬁj}:s“ z:l,,m

Rewriting all in the “variable” notation, we obtain (10).

The “advantage” of (10) is that du has the same form, independently of
whether wu is treated as a function of the xp or of the y; (hence the name
“invariant” rule). However, one must remember the meaning of dzj and dy;,
which are quite different.

The “invariance” also fails completely for differentials of higher order (§5).

The advantages of the “variable” notation vanish unless one is able to “trans-
late” it into precise formulas.
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Further Problems on Differentiable Functions

1. For £ = E" (C") prove Theorem 2 directly.
[Hint: Find
thj(ﬁ'), j:1,...,7",

from Theorem 4 of §3, and Theorem 3 of §2. Verify that
T ™
Dyh(p) = _ ejDxhy;(p) and Dig(@) = D e;Dig; (4),
=1 j=1

where the e; are the basic unit vectors in E”. Proceed.]

2. Let g(z,y,2) =u, x = f1(r,0), y = fa(r,0), z = f3(r,0), and
f=(f,fo, f3): B> — E°.
Assuming differentiability, verify (using “variables”) that
8u ou ou 8u ou

by computing derivatives from (8"). Then do all in the mapping notation
for H=go f, dH(p1).

3. For the specific functions f, g, h, and k of Problems 4 and 5 of §2, set
up and solve problems analogous to Problem 2, using

(a) kof;  (b)gok;  (c) foh;  (d)hog.
4. For the functions of Problem 5 in §1, find the formulas for df (p; f) At
which p'does df (p, -) exist in each given case? Describe it for a chosen p.

5. From Theorem 2, with E = E! (C), find
= Dig(@)V f1(P).
k=1

6. Use Theorem 1 for a new solution of Problem 7 in §3 with E = E* (C).
[Hint: Define F' on E’ and G on E? (C?) by

F(Z) = (f(2),9(%)) and G(J) = ay1 + bya.

Then h = af +bg = Go F. (Why?) Use Problems 9 and 10(ii) of §3. Do all in
“variable” notation, too.]

7. Use Theorem 1 for a new proof of the “only if” in Problem 9 in §3.

[Hint: Set f; = g o f, where g(&) = x; (the ith “projection map”) is a monomial.
Verify!]

8. Do Problem 8(i) in §3 for the case E' = E? (C?), with
f(#) = x1 and g(7) = 2».
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10.

11.

12.
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(Simplify!) Then do the general case as in Problem 6 above, with

G(Y) = y1yo.

. Use Theorem 2 for a new proof of Theorem 4 in Chapter 5, §1. (Proceed

as in Problems 6 and 8, with £/ = E', so that D;h = h'.) Do it in the
“variable” notation, too.

Under proper differentiability assumptions, use formula (8') to express
the partials of u if

(i) w=g(x,y), = f(r)h(0), y =r+h(0) + 0 (r);
(i) w=g(r,0), r = f(z+ f(y)), 0 = f(xf(y));

(iil) u = g(x¥,y?, z*TY).

Then redo all in the “mapping” terminology, too.

Let the map g: E' — E! be differentiable on E!. Find |Vh(p)| if
h=go fand

Zxk, re kR
(i) f= (f1,f2 Zxk, f2(Z) = |7)?, ¥ € E™.

(Euler’s theorem.) A map f: E" — E* (or C" — C) is called homoge-
neous of degree m on G iff

(Vte E'(C)) f(tz)=t"f(Z)

when ¥, tZ € G. Prove the following statements.
(i) If so, and f is differentiable at p'e G (an open globe), then

p-Vf(p) =mf(p).

*(ii) Conversely, if the latter holds for all p € G and if 0 ¢ G, then f is
homogeneous of degree m on G.

(iii) What if 0 € G?

[Hints: (i) Let g(t) = f(tp). Find ¢’(1). (iii) Take f(x,y) = 2%y? if <0, f = 0 if
z>0,G=Go(1).]

13. Try Problem 12 for f: E’ — E, replacing p'- V f(p) by df (P} p).
14. With all as in Theorem 1, prove the following.

(i) If B’ = E' and §= f'(p) # 0, then 1 (p) = Dxg(q).

(ii) If @ and ¥ are nonzero in E’ and a@ 4 b¥ # 0 for some scalars a, b,
then

Dogrvsf(P) = aDgf(p) + bDyf (D).
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(ili) If f is differentiable on a globe G, and @ # 0 in E’, then
Dy f(p) = lim Dz(p).

[Hints: Use Theorem 2(ii) from §3 and Note 1.]
15. Use Theorem 2 to find the partially derived functions of f, if
(i) flz,y,2) = (sin(wy/2))";
(it) f(z,y) = log,|tan(y/z)|.
(Set f = 0 wherever undefined.)

5. Repeated Differentiation. Taylor’s Theorem
§ p y

In §1 we defined w-directed derived functions, Dgf for any f: E' — E and any
@+#0in E'.

Thus given a sequence {#;} C E’' — {0}, we can first form Dy, f, then
Dz, (Dg, f) (the ts-directed derived function of Dg, f), then the us-directed
derived function of Dz, (Dg, f), and so on. We call all functions so formed the
higher-order directional derived functions of f.

If at each step the limit postulated in Definition 1 of §1 exists for all p'in a
set B C E’, we call them the higher-order directional derivatives of f (on B).

If all u; are basic unit vectors in E™ (C"), we say “partial” instead of “di-
rectional.”

We also define DLf = Dz f and
(1) DE o & f=Dg (D:} ), k=23,...,

u Urto... Uk —1

and call Dgl .4,/ @ directional derived function of order k. (Some authors
denote it by Dlﬁkﬁk—ynﬁl'f')

u

If all «; equal u, we write Dg f instead.

For partially derived functions, we simplify this notation, writing 12 ... for
€1€ ... and omitting the “&” in D* (except in classical notation):
0% f 0 f
_ N2 _ _ N2 _
D12f—D€1é»2f— m, Dllf—Dé»lglf— 6—{,(,‘%’ etc.

We also set D2f = f for any vector .

Example.

(A) Define f: E? — E' by

vy(@® — y?)

10.0)=0, flay)==5 3
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Then

o — Dy f(a0) =

y(zt + 422y? — y*)
(.’L’Q +y2)2 )

whence D; f(0,y) = —y if y # 0; and also
f(fE,O) B f(070)

D, £(0,0) = lir% . =0. (Verify!)
Thus D1 f(0,y) = —y always, and so D12f(0,y) = —1; D12f(0,0) = —1.

Similarly,
r(xt — 422y? — yt)
(22 + y2)2
if x # 0 and D5 f(0,0) = 0. Thus (V) D2f(x,0) = x and so

DQf(‘/Ea y) =

Dglf(l',()) =1 and Dglf(0,0) =1 7& Dlgf(0,0) =—1.

The previous example shows that we may well have D1sf # Doy f, or more
generally, D2_f # D2_f. However, we obtain the following theorem.

Theorem 1. Given nonzero vectors i and v in E’, suppose f: E' — E has
the derivatives

Dgf, Dgf, and D2

on an open set A C E’.

If D%_f is continuous at some p € A, then the derivative D2 f(p) also exists
and equals D2 f(p).

Proof. By Corollary 1 in §1, all reduces to the case || =1 = |9]. (Why?)
Given € > 0, fix § > 0 so small that G = G(d) C A and simultaneously

(2) sup | D5/ (7) — Dizf(P)| < e
reG

(by the continuity of DZ_f at p).
Now (Vs,t € E') define H;: E' — E by

Hy(s) = Dgf(p'+ tu + sv).

I= (—é,é)
22
If s,t € I, the point ¥ = p'+ ti + sv is in G(d) C A, since

P
=5l = |ti+s0] < 5 +5 =6

Let
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Thus by assumption, the derivative D2 f(p) exists. Also,

Hifs) = Jim < [Hs + As) — Hy(s)

li !
= 11m -—
As—0 As

But the last limit is D2_f(Z), by definition. Thus, setting

he(s) = Hy(s) — sDZ5f (D),

[Daf(Z+ As - ¥) — D f(Z)].

we get
hi(s) = Hy(s) — D3zf (D)
= D3/ () — Digf (P)-
We see that h, is differentiable on I, and by (2),

sup |y (s)] < sup |D3;f (%) — Dz f ()| < €

sel reG
for all t € I. Hence by Corollary 1 of Chapter 5, §4,

|he(s) — 7 (0) < !S!Suglhi(ff)l < [se.
oec

But by definition,
he(s) = Daf(p + tii + sv) — sD35f (D)

and
hi(0) = Dg f(p'+ tu).
Thus
(3) |Daf(F+ tii + s0) — Daf (5 + ti) — sDys f (§)| < |sle
for all s,t € I.
Next, set
Gs(t) = f(p+ tu + sv) — f(p+ t)
and

9s(t) = Gs(t) — st - Dz f (D).
As before, one finds that (Vs € I) g is differentiable on I and that
9s(t) = Daf(p + td + sv) — Daf (5 + tid) — sDZ:f (D)

for s,t € I. (Verify!)
Hence by (3),
sup | (£)] < [sle.
tel



38 Chapter 6. Differentiation on E™ and Other Normed Linear Spaces
Again, by Corollary 1 of Chapter 5, §4,

|gs(t) - gs(o)| < |St|€7

or by the definition of gs (assuming s,t € I — {0} and dividing by st),

UG+ -+ 57) — 7+ 0] — Do () — 1+ 57) — S]] <.

(Verify!) Making s — 0 (with ¢ fixed), we get, by the definition of Dy f,

1 IR |
Dof (0 + ) — - Daf (§) — Dif (P)| < ¢

whenever 0 < [t| < §/2.
As ¢ is arbitrary, we have

. 1 — —
Di3f(P) = lim —[Dy f(p'+ tid) — Dy f(D)].
But by definition, this limit is the derivative D2 f(p). Thus all is proved. [

Note 1. By induction, the theorem extends to derivatives of order > 2.
Thus the derivative DX f is independent of the order in which the u;

ulﬁg...ﬁk
follow each other if it exists and is continuous on an open set A C E’, along

with appropriate derivatives of order < k.
If B/ = E™(C™), this applies to partials as a special case.
For E™ and C™ only, we also formulate the following definition.

Definition 1.
Let E' = E™(C™). We say that f: E/ — FE is m times differentiable at

p € E’iff f and all its partials of order < m are differentiable at p.

If this holds for all p in a set B C E’, we say that f is m times
differentiable on B.

If, in addition, all partials of order m are continuous at p (on B), we
say that f is of class C' D™, or continuously differentiable m times there,
and write f € CD™ at p' (on B).

Finally, if this holds for all natural m, we write f € C D> at p’ (on B,
respectively).

Definition 2.

Given the space E/ = E™(C™), the function f: E/ — E, and a point
p € E’, we define the mappings

avf(p,-), m=1,2,...,
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from E' to F by setting for every t = (t1,...,t,)
d"f([F 1) =D Dif (D) - ti,
i=1

(4) ErEE) =YY Dif(p) - tit;,

j=1i=1

dgf(ﬁ;t—) = ZZZDWJ(@ -t;t;ty, and so on.

k=1j=1i=1

We call d™ f(p,-) the mth differential (or differential of order m) of f at p.
By our conventions, it is always defined on E™ (C™) as are the partially derived
functions involved.

If f is differentiable at  (but not otherwise), then d'f(p:t) = df(p:t) by
Corollary 1 in §3; d' f(j5, - ) is linear and continuous (why?) but need not satisfy
Definition 1 in §3.

In classical notation, we write dz; for t¢;; e.g.,

deZZn:Zn: °f dx; dz;
axiaxj ! a

j=1i=1

Note 2. Classical analysis tends to define differentials as above in terms of
partials. Formula (4) for d™ f is often written symbolically:

e D ) ) m B
5)  d f_<a—x1dx1+8—x2dx2+---+a—%d:cn) fom=1,2,...

Indeed, raising the bracketed expression to the mth “power” as in algebra
(removing brackets, without collecting “similar” terms) and then “multiplying”
by f, we obtain sums that agree with (4). (Of course, this is not genuine
multiplication but only a convenient memorizing device.)

Example.
(B) Define f: E* — E' by
f(x,y) = xsiny.
Take any p= (z,y) € E?. Then

Dy f(x,y) =siny and Do f(x,y) = x cosy;
Diof(x,y) = D21 f(x,y) = cosy,
D11 f(z,y) =0, and Das f(z,y) = —xsiny;
Dy11f(z,y) = Diaf(w,y) = D121 f(%,y) = Dar1 f(2,y) = 0,
Dooy f(x,y) = Dorof(z,y) = Di2af(z,y) = —siny, and
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Dags f(x,y) = —wcosy; etc.

As is easily seen, f has continuous partials of all orders; so f € C'D* on
all of E2. Also,

df (9 t) = t1D1 f (D) + t2 D2 f (P)
=11 siny + tex cos y.

In classical notation,

df =d'f = fd +6—fdy
dy
:smydx+a:cosydy,
62f 0 f 2f
2
df— d +28x8ddy+3y

=2 cosydx dy — xsiny dy?;
d®f = —3siny dzr dy? — x cosy dy>;
and so on. (Verify!)

We can now extend Taylor’s theorem (Theorem 1 in Chapter 5, §6) to the
case B/ = E™ (C").
Theorem 2 (Taylor). Let@ =% —p+#0 in E' = E™(C™).

If f: E' — FE is m+ 1 times differentiable on the line segment

[=L[piCFE
then .
F@) ~ J6) = 3 5 d S ) + B,

=1
with
(6) Rl < iy, K € B
and
(6") 0< Ko < sup a1 f (5 a).

Proof. Define g: ! — E' and h: E' - Eby g(t) =p+tiand h= fog.
As E' = E™ (C™), we may consider the components of g,

gk(t) = pr + tug, k <n.

Clearly, gi is differentiable, g () = uy.



85. Repeated Differentiation. Taylor’s Theorem 41
By assumption, so is f on I = L[p,Z]. Thus, by the chain rule, h = fog is
differentiable on the interval J = [0, 1] C E*!; for, by definition,
P+t € L, 7] iff ¢ € [0, 1].
By Theorem 2 in §4,

(7) W(t) =) Dpf(p+td) - up = df (p+ til; i), te.J.
k=1

(Explain!)
By assumption (and Definition 1), the Dy f are differentiable on I. Hence,
by (7), b’ is differentiable on J. Reapplying Theorem 2 in §4, we obtain

R'() = Dy f(5+ tid) - upu;

j=1k=1
= d*f(Pp+ tu; @), te.J
By induction, h is m + 1 times differentiable on J, and
(8) KOt =d f(F+taya), teld i=1,2,...,m+1.

The differentiability of A(*) (i < m) implies its continuity on J = [0, 1].
Thus h satisfies Theorem 1 of Chapter 5, §6 (with x = 1, p = 0, and Q = 0);
hence

m h(i)(())
h(1) — h(0) = R,,,
()= h0) =3 =+
(9) |Rm\ < L) K,, € El7
(m+1)!
Ky < sup R (1)),
teJ

By construction,
h(t) = fg(t)) = f(7' + ta);
SO
h(1) = f(p'+d) = f(Z) and h(0) = f(p).
Thus using (8) also, we see that (9) implies (6), indeed. [

Note 3. Formula (3") of Chapter 5, §6, combined with (8), also yields

1 1
Ry = — / AL () (1 — )™ dt
0

m!

1 1
o m—+1 — =\ _\m
= /0 A" f(p+tuy ) - (1 —t)™ dt.
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Corollary 1 (the Lagrange form of R,,). If E = E' in Theorem 2, then

1
(10) Ry, = 1)l A" f(5;0)
for some § € L(p,T).

Proof. Here the function A defined in the proof of Theorem 2 is real; so The-
orem 1’ and formula (3’) of Chapter 5, §6 apply. This yields (10). Explain! O

Corollary 2. If f: E™ (C™) — E is m times differentiable at ' and if @ # 0
(p,u € E™(C™)), then the derivative DT f(D) exists and equals d™ f(p; @).
This follows as in the proof of Theorem 2 (with ¢ = 0). For by definition,

Daf () = limy < [+ s) — £ 7)

— lim % [h(s) — h(0)]

= W'(0) = df (p; i)
by (7). Induction yields

D f(p) = h™(0) = d™ (3 @)
by (8). (See Problem 3.)
Example.
(C) Continuing Example (B), fix
p=(1,0);

thus replace (x,y) by (1,0) there. Instead, write (x,y) for Z in Theorem 2.
Then

i=7—-p=(z—1y)
SO
uy =x — 1 =dzr and uy =y = dy,
and we obtain
df (i @) = D1 f(1,0) - (x = 1) + D2 f(1,0) - y
= (sin0) - (x — 1) 4+ (1 - cos0) - y
=Y
d*f(p;@) = D11f(1,0) - (z — 1)* + 2 D12 f(1,0) - (z — 1)y
+ Dya f(1,0) - y°

= (0)- (z —1)*> +2(cos0) - (z — 1)y — (1 -sin0) - y?
=2(z — Dy;
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and for all §= (s1,s2) € I,

d*f(5: @) = D111 f(s1,52) - (z —1)° + 3 D112 f(s1,82) - (x — 1)%y
(10") +3 D122 f(s1,82) - (x — 1)y* + Dago f(s51,82) - y°
— —3sinsy - (z — 1)y* — sy cos sy - y°.
Hence by (6) and Corollary 1 (with m = 2), noting that f(p) = f(1,0) =
0, we get
T,yY) = -sin
) fx,y) y
:y+(x_1)y+R27
where for some 5 € I,

1
E]l
As § € L(p,Z), where p= (1,0) and Z = (x,y), s1 is between 1 and z; so

1
Ry Sf(5:1) = 8 [—3 sinsy - (x — 1)y* — 51 cos sy ~y3].
[s1] < max(|z],1) < || + 1.
Finally, since |sin s3] <1 and |cos sa| < 1, we obtain
1
Rl < 2 [Bl =11+ (2| + D) [yl] .

This bounds the maximum error that arises if we use (11) to express x sin y
as a second-degree polynomial in (z — 1) and y. (See also Problem 4 and
Note 4 below.)

Note 4. Formula (6), briefly

generalizes formula (2) in Chapter 5, §6.
As in Chapter 5, §6, we set

Pul@) = 1) + Y 5 d 7~ 7)
i=1

and call P,, the mth Taylor polynomial for f about p, treating it as a function
of n variables x, with & = (z1,...,z,).
When expanded as in Example (C), formula (6) expresses f(Z) in powers of

Uk = Tk — Pk, /{721,...,n,

plus the remainder term R,,.
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If f € CD> on some Gy and if R,,, — 0 as m — oo, we can express f(Z) as
a convergent power series

J(@) = Jim Pu(@) = [+ Y 7 d' (57— ).
i=1

m—00

We then say that f admits a Taylor series about p, on Gp.

Problems on Repeated Differentiation and Taylor Expansions

1. Complete all details in the proof of Theorem 1. What is the motivation
for introducing the auxiliary functions h; and g5 in this particular way?

2. Is symbolic “multiplication” in Note 2 always commutative? (See Ex-
ample (A).) Why was it possible to collect “similar” terms

0% f 0% f
dx dy and
Oz Jy vayan 0y Ox
in Example (B)? Using (5), find the general formula for d® f. Expand it!

dy dx

3. Carry out the induction in Theorem 2 and Corollary 2. (Use a suitable
notation for subscripts: kikq ... instead of jk....)

4. Do Example (C) with m = 3 (instead of m = 2) and with p = (0,0).
Show that R,, — 0, i.e., f admits a Taylor series about p.
Do it in the following two ways.

(i) Use Theorem 2.

(ii) Expand siny as in Problem 6(a) in Chapter 5, §6, and then mul-
tiply termwise by x.

Give an estimate for Rs.

5. Use Theorem 2 to expand the following functions in powers of x — 3 and
y + 2 exactly (choosing m so that R, = 0).
(1) flz,y) = 22y* = 3y° + ya? — 2%,
(i) fz,y) =2 — 2% + 22y — 1;
(iii) f(z,y) = 25y — awy® — a3,

6. For the functions of Problem 15 in §4, give their Taylor expansions up

to Ry, with
T
) = 17_71>
b ( 1

= (o 7°)
= le,—e
p 1

in case (i) and

in (ii). Bound Rs.
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7.

=10.

11.

(Generalized Taylor theorem.) Let @ = Z — ' # 0 in E’ (E’ need not be
E™ or C™); let I = L[p, Z]. Prove the following statement:

If f: E/ — E and the derived functions D% (i < m) are relatively
continuous on I and have u-directed derivatives on I —Q (@ countable),
then formula (6) and Note 3 hold, with d'f(p; @) replaced by DL f(p).

[Hint: Proceed as in Theorem 2 without using the chain rule or any partials or
components. Instead of (8), prove that h(?) (t) = ijf(ﬁ—i—tﬂ’) on J—Q', Q" = g~ 1[Q]]

(i) Modify Problem 7 by setting
F-p

|7 —p]
Thus expand f(Z) in powers of |Z — p].

U=

(ii) Deduce Theorem 2 from Problem 7, using Corollary 2.

Given f: E?(C?) — E, f € CD™ on an open set A, and § € A, prove
that (Vu € E? (C?))

d'f(5a) =) (;) wul ) Dy, f(3), 1<i<m,
=0

where the (;) are binomial coefficients, and in the jth term,
ki=ky=--=kj=2

and

Then restate formula (6) for n = 2.

[Hint: Use induction, as in the binomial theorem.]

Given p€ E' = E" (C") and f: E' — E, prove that f € CD'! at p'iff f
is differentiable at p and

(Ve >0) (36>0) (VT € Gyp(d)) [d'f(, ) —d' f(Z, ) <e,

with norm || || as in Definition 2 in §2. (Does it apply?)
[Hint: If f € CD?', use Theorem 2 in §3. For the converse, verify that

n

> [Def(P) — Dif(E)]tw

k=1

e > |d' f(5; 1) — d' F(Z;1)| =

if ¥ € Gz(5) and |t] < 1. Take t = &}, to prove continuity of Dy f at 7]

Prove the following.
(i) If ¢: E™ — E™ is linear and [¢] = (vx), then

ol <> virl.
ik
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(ii) If f: E™ — E™ is differentiable at p, then

ldf (7, I < 1Dk fi(P)
ik

(iii) Hence find a new converse proof in Problem 10 for f: E™ — E™.

Consider f: C™ — C™, too.
[Hints: (i) By the Cauchy-Schwarz inequality, |¢(Z)[? < |Z|? ik lvie]?. (Why?)
(ii) Use part (i) and Theorem 4 in §3.]

12. (i) Find d?u for the functions of Problem 10 in §4, in the “variable”
and “mapping” notations.

(ii) Do it also for

—1
2

u=f(z,y.2) = (2" +y* +2%)
and show that Dllf + Dng + Dggf =0.

(iii) Does the latter hold for u = arctan Yq
x

13. Let u=g(z,y), x =rcosf, y = rsinf (passage to polars).
Using “variables” and then the “mappings” notation, prove that if ¢
is differentiable, then

. Ou ou . Ou

(i) I —0059%+sm6’8—y and
ou\ 2 1 Ou\ 2

.o 2_ el -7

(i) Vgl y)I" = <8r> * (r 80) '

2 2 2
6u O dgasin(i).

oroo’ or2’ ¢ 9g2

14. Let f,g: E* — E! be of class CD? on E!. Verify (in “variable” notation,
too) the following statements.

(i) Di1h = a®Dash if a € E' (fixed) and

(iii) Assuming g € CD?, express

h(z,y) = flax +y) + gy — ax).

(ii) 22D11h(x,y) + 2xy Dish(z,y) + y*Dagh(x,y) = 0 if
h(z,y) = wf(%) + g<y>-

xXr
(iii) Dih - Dath = Doh - Digh if
h(z,y) = g(f(z) +y).
Find Dq5h, too.
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A7

15. Assume E' = E™(C™) and E” = E™(C™). Let f: E/ — E” and
g: E" — E be twice differentiable at p € E’ and ¢ = f(p) € E”,

respectively, and set h = g o f.
Show that h is twice differentiable at p, and

d*h(p;t) = d*g(q; 8) + dg(; 9),

where t € E', § = df (:1), and ¥ = (vy,...,vn) € E” satisfies

UZ:d2fZ(]3,f>, 221,,777,

Thus the second differential is not invariant in the sense of Note 4 in §4.

[Hint: Show that

Duh(®) = > > Dijg(@) D fi(®)Dif;(B) + Y _ Dig(@) D1 f:(P)-

j=1i=1 i=1
Proceed.]

16. Continuing Problem 15, prove the invariant rule:

d"h(p;t) = d"g(q; 5),

if fis a first-degree polynomial and ¢ is r times differentiable at ¢.

[Hint: Here all higher-order partials of f vanish. Use induction.]

§6. Determinants. Jacobians. Bijective Linear Operators

We assume the reader to be familiar with elements of linear algebra. Thus we

only briefly recall some definitions and well-known rules.

Definition 1.

Given a linear operator ¢: E™ — E™ (or ¢: C" — C™), with matrix

[¢]:(vlk)7 i7k:17"'7n7

we define the determinant of [¢] by

V11 V12 e Vlin
V21 V22 e Von
det[p] = det(vig) =
(1)
Un1 Un2 e Unn

= Z(_l)/\vlkﬂ@kg co Unky, s
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where the sum is over all ordered n-tuples (kq,...,k,) of distinct integers
kj (1 S kj S n), and
0 if [[,.,,(km —k;) >0 and
L [T (B — k) <O

Recall (Problem 12 in §2) that a set B = {¥,7a,...,9,} in a vector space
E is a basis iff

(i) B spans E, i.e., each ¥ € E has the form

n
U= E CLﬂTZ’
i=1

for some scalars a;, and

(ii) this representation is unique.

The latter is true iff the v; are independent, i.e.,

n
E aiUi=0<:>ai:0, i=1,...,n.
1=1

If F has a basis of n vectors, we call E n-dimensional (e.g., E™ and C™).
Determinants and bases satisfy the following rules.

(a) Multiplication rule. If ¢,g: E™ — E™ (or C™ — C™) are linear, then

detg] - det[¢] = det([g] [¢]) = det]g o ¢]
(see §2, Theorem 3 and Note 4).
(b) If ¢(¥) = Z (identity map), then [¢] = (v;x), where
0 ifi# k and
Vik =
1 if ¢ =k;
hence det[¢] = 1. (Why?) See also the Problems.

(c) An n-dimensional space F is spanned by a set of n vectors iff they are
independent. If so, each basis consists of exactly n vectors.

Definition 2.
For any function f: E™ — E™ (or f: C™ — C™), we define the f-induced
Jacobian map Js: E™ — E' (J;: C™ — C) by setting
J (%) = det(vir),
where v, = Dy fi(Z), £ € E™ (C™), and f = (f1,..., [n)-

The determinant

J5(P) = det(Dy. fi(p))
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is called the Jacobian of f at p.
By our conventions, it is always defined, as are the functions Dy f;.

Explicitly, J¢(p) is the determinant of the right-side matrix in formula (14)
in §3. Briefly,
Jy = det(Dy f;).

By Definition 2 and Note 2 in §5,

Jy(p) = det[d" f(p', -)].
If f is differentiable at p,
J5(p) = det[f'(p)]-

Note 1. More generally, given any functions v;,: B/ — E'(C), we can
define a map f: B’ — E'(C) by

f(Z) = det(vig (7));

briefly f = det(vi), i,k=1,...,n

We then call f a functional determinant.

If B/ = E™ (C™) then f is a function of n variables, since ¥ = (21, z2,...,Zy,).
If all v, are continuous or differentiable at some p'€ E’, so is f; for by (1), f
is a finite sum of functions of the form

(= 1) i, Vi - - - Vi,

and each of these is continuous or differentiable if the v;;, are (see Problems 7
and 8 in §3).
Note 2. Hence the Jacobian map J; is continuous or differentiable at p’ if

all the partially derived functions Dy f; (i,k <n) are.

If, in addition, J¢(p) # O, then J¢ # 0 on some globe about p. (Apply
Problem 7 in Chapter 4, §2, to |J¢|.)

In classical notation, one writes

8(f17"'7f71) a(:l/l; 7yn>
O(xy,...,x ) G(xl, Tn)

for J¢(Z). Here (y1,...,yn) = f(z1,...,2n).

The remarks made in §4 apply to this
rule easily yields the following corollary.
Corollary 1. If f: E™ — E™ and g: E" — E™ (or f,g: C™ — C") are
differentiable at p and @ = f(p), respectively, and if

h=gof,

“yariable” notation too. The chain
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then
(i) In(D) = Jg(q) - J§(P) = det(zir),
where
zik = Dphi(p), i, k=1,... n;

or, setting

(Ul, s ,Un) = g(y17 s 7yn) and

(Y1, -3 Yn) = f(x1,...,2,) (“variables™),
we have

. O(uyy ..., up)  O(ut,...,un) OWi,---,Yn)
i = . = det(zir),
(i) O(x1,...,xn)  OWiy--yyn) O(x1,...,20) (2ik)

Proof. By Note 2 in §4,

['(p)] = lg"(@)] - [/ (P)]-
Thus by rule (a) above,

det[n'(p)] = det[g(q)] - det[f'(p)],
In(0) = J4(q) - J5 (D).

Also, if [h/(p)] = (zik), Definition 2 yields z;x = Dih;(p).
This proves (i), hence (ii) also. O

In practice, Jacobians mostly occur when a change of variables is made.
For instance, in E?, we may pass from Cartesian coordinates (x,y) to another
system (u,v) such that

x = f1(u,v) and y = fo(u,v).
We then set f = (f1, f2) and obtain f: E? — E?,
Jf = det(Dkfi), k,i = 1,2.

Example (passage to polar coordinates).
Let © = f1(r,0) = rcosf and y = fo(r,0) = rsinb.
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Then using the “variable” notation, we obtain J¢(r,6) as

or o
8(33, y) 67’ 69

o(r,0) |9y 9y
or 90

cosf) —rsinf ‘

sinf rcosf

=rcos? 0 +rsin® 0 =r.
Thus here J¢(r,0) = r for all r,0 € E'; J; is independent of 6.

We now concentrate on one-to-one (invertible) functions.

Theorem 1. For a linear map ¢: E™ — E™ (or ¢: C™ — C™), the following
are equivalent:

(i) ¢ is one-to-one;

(ii) the column vectors vy, ..., U, of the matriz [¢] are independent;
(iii) ¢ is onto E™ (C™);
(iv) det[p] #

Proof. Assume (i) and let
Dl =0
k=1

To deduce (ii), we must show that all ¢; vanish.
Now, by Note 3 in §2, ¥}, = ¢(€)); so by linearity,

implies

k=1
Hence by Theorem 2 in Chapter 3, §§1-3, ¢, =0, k = 1,...,n, and (ii) follows.
Next, assume (ii); so, by rule (c¢) above, {#1,...,7,} is a basis.

Thus each § € E™ (C™) has the form
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where

n
T = Z ar€r (uniquely).
k=1

Hence (ii) implies both (iii) and (i). (Why?)
Now assume (iii). Then each y € E™ (C™) has the form ¢ = ¢(Z), where
T = Z xkgk,
k=1

by Theorem 2 in Chapter 3, §§1-3. Hence again

n n
7= wro(Er) =D wkli;
k=1 k=1

so the ¥) span all of E™ (C™). By rule (c) above, this implies (ii), hence (i),
too. Thus (i), (ii), and (iii) are equivalent.
Also, by rules (a) and (b), we have

det[¢] - det[¢p '] = det[pop™ ] =1

if ¢ is one-to-one (for ¢pod! is the identity map). Hence det[¢] # 0 if (i) holds.
For the converse, suppose ¢ is not one-to-one. Then by (ii), the U} are not
independent. Thus one of them is a linear combination of the others, say,

But by linear algebra (Problem 13(iii)), det[¢] does not change if U; is re-
placed by

3

k=2
Thus det[¢] = 0 (one column turning to 0). This completes the proof. [

Note 3. Maps that are both onto and one-to-one are called bijective. Such
is ¢ in Theorem 1. This means that the equation

O(T) =y
has a unique solution
7=¢"'()

for each . Componentwise, by Theorem 1, the equations

n
E TpVik = Yiy, t=1,...,m,
k=1
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have a unique solution for the xy iff det(v;,) # 0.

Corollary 2. If ¢ € L(E',E) is bijective, with E' and E complete, then
¢! € L(E,E').
Proof for E = E" (C™).! The notation ¢ € L(E’, E) means that ¢: E' — E
is linear and continuous.

As ¢ is bijective, ¢~ ': E — E’ is linear (Problem 12).

If E=E™(C™), it is continuous, too (Theorem 2 in §2).

Thus ¢~' € L(E,E’). O

Note. The case E = E™ (C™) suffices for an undergraduate course. (The
beginner is advised to omit the “starred” §8.) Corollary 2 and Theorem 2

below, however, are valid in the general case. So is Theorem 1 in §7.
Theorem 2. Let E, E' and ¢ be as in Corollary 2. Set

1

~

lo=" I =

Then any map 0 € L(E',E) with || — ¢|| < e is one-to-one, and 0~ is
uniformly continuous.
Proof. By Corollary 2, ¢! € L(E, E’), so ||[¢™ | is defined and > 0 (for ¢~*
is not the zero map, being one-to-one).

Thus we may set

1 1
e=———1 [l¢7 ==
CRMRE
Clearly ¥ = ¢~ (%) if ¥ = ¢(Z). Also,
6~ (@) < =141
by Note 5 in §2. Hence
|91 > elo™ ()],
ie.,
(2) [0(Z)| = e|Z]

for all 7 € E' and iy € E.
Now suppose ¢ € L(E',FE) and |0 — ¢|| =0 < e.
Obviously, 8 = ¢ — (¢ — ), and by Note 5 in §2,

(¢ = 0)(@D)] < [lo — 0] |7] = olZ].

1 See *§8 for the general case.
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Thus for every ¥ € E’,
0(Z)] = [¢(Z)] - [(¢ — 0)(T)]
(3) > |¢(Z)| — o]

> (e —0)|Z|
by (2). Therefore, given §# 7 in E' and setting & = §— 7 # 0, we obtain

(4) 0(p) — 0(7)| = [0(7 = 7)| = |0(F)] = (¢ — 0)|Z] > 0
(since o < ¢€).
We see that p'# 7 implies 0(p) # 0(7); so @ is one-to-one, indeed.
Also, setting §(Z) = Z and ¥ = ~1(2) in (3), we get
2] > (e = )07 (2)];
that is,
(5) 02 < (e —0) 2]

for all 7 in the range of 6 (domain of §71).

Thus 6~! is linearly bounded (by Theorem 1 in §2), hence uniformly con-
tinuous, as claimed. [

Corollary 3. If E' = E = E"™ (C"™) in Theorem 2 above, then for given ¢ and
5 > 0, there always is &' > 0 such that

10 — ¢|| < & implies |0~ — | < 4.
In other words, the transformation ¢ — ¢~ is continuous on L(E), E =
E™(C™).
Proof. First, since B/ = E = E" (C™), 0 is bijective by Theorem 1(iii), so
0~' € L(E).
As before, set ||§ — ¢|| =0 < €.
By Note 5 in §2, formula (5) above implies that

1

E—O0

lo= <

Also,
6 o(0—¢) o8 = ¢l — 7]
(see Problem 11).
Hence by Corollary 4 in §2, recalling that ||¢~1|| = 1/¢, we get
o

0=~ < o™ 18— 9l 107 < T —~0aso 0. O
e(e — o)
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®

Problems on Bijective Linear Maps and Jacobians

(i) Can a functional determinant f = det(v;;) (see Note 1) be contin-
uous or differentiable even if the functions v;; are not?

(ii) Must a Jacobian map Jy¢ be continuous or differentiable if f is?

Give proofs or counterexamples.

. Prove rule (b) on determinants. More generally, show that if f(Z¥) = &

on an open set A C E™ (C"), then Jy =1 on A.

Let f: E" — E™ (or C" — C"), f = (f1,---, fn)-
Suppose each fr depends on xy only, i.e.,

fu(@) = fu(¥) if 2x = ys,

regardless of the other coordinates z;,y;. Prove that Jy = HZ:l Dy fr.
[Hint: Show that Dy f; = 0 if 4 # k.]

In Corollary 1, show that

In(@) = [[ Detfe(®) - (@)
k=1

if f also has the property specified in Problem 3. Then do all in “vari-
ables,” with yx = yr(zy) instead of f.

Let £ = E' in Note 1. Prove that if all the v;;, are differentiable at p,
then f’(p) is the sum of n determinants, each arising from det(v;x), by
replacing the terms of one column by their derivatives.

[Hint: Use Problem 6 in Chapter 5, §1.]

Do Problem 5 for partials of f, with E' = E™ (C™), and for directionals
Dgzf, in any normed space E’. (First, prove formulas analogous to
Problem 6 in Chapter 5, §1; use Note 3 in §1.) Finally, do it for the
differential, df (p, - ).

. In Note 1 of §4, express the matrices in terms of partials (see Theorem 4

in §3). Invent a “variable” notation for such matrices, imitating Jaco-
bians (Corollary 3).

(i) Show that
a(x,y,z) _ 2
m = TSN o
if
xr =rcosb,

y = rsinf sin«a, and

Z =T COSC

FIGURE 27
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(This transformation is passage to polars in E?; see Figure 27,
where r = OP, <XOA = 6, and <AOP = «.)

(i) What if z = rcosf, y = rsinf, and z = z remains unchanged
(passage to cylindric coordinates)?

(iii) Same for x = e" cosf, y = €"sinf, and z = z.

. Is f = (f1, f2): E* — E? one-to-one or bijective, and is J¢ # 0, if

(i) fi(x,y) =e®cosy and fo(z,y) = e siny;
(ii) fi(z,y) = 2* —y* and fo(z,y) = 2zy?
Define f: E3 — E3 (or C3 — (C3) by

—

. xr
1+ Zi:l T

3
A= {f > ap # —1}
k=1
and f =0 on —A. Prove the following.
(i) f is one-to-one on A (find f~1!).

1
i) Jp(7) = .
(i) J¢(7) (2 o)

(iii) Describe —A geometrically.

/(@)

on

Given any sets A, B and maps f,g: A — E',h: E' — E,and k: B — A,
prove that

(i) (ffg)ok=fok*gok, and
(ii) ho(f+g)=ho f+ hogifhis linear.

Use these distributive laws to verify that

6 o(0—9)of =l — 6]
in Corollary 3.
[Hint: First verify the associativity of mapping composition.]
Prove that if ¢: E/ — FE is linear and one-to-one, so is ¢~ ': B — E,
where E" = ¢[E'].
Let ¥y, ..., ¥, be the column vectors in det[¢]. Prove that det[¢] turns
into
(i) c-det[¢] if one of the ¥} is multiplied by a scalar ¢;

(ii) — det[¢], if any two of the ¥} are interchanged (consider A in for-
mula (1)).
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Furthermore, show that
(iii) det[p] does not change if some vy is replaced by vy + cv; (i # k);

(iv) det[¢] = 0 if some @, is 0, or if two of the ¥, are the same.

§7. Inverse and Implicit Functions. Open and Closed Maps

I. “If f € CD! at p, then f resembles a linear map (namely df) at p.” Pursuing

=9

this basic idea, we first make precise our notion of “f € C'D' at p.
Definition 1.

A map f: E' — E is continuously differentiable, or of class CD' (written
f € CD'), at p'iff the following statement is true:

Given any € > 0, there is 6 > 0 such that f is differentiable on the
globe G = G(9), with

|df (T, ) — df (5, || <& for all ¥ € G.1

By Problem 10 in §5, this definition agrees with Definition 1 of §5, but is no
longer limited to the case E' = E™ (C™). See also Problems 1 and 2 below.

We now obtain the following result.
Theorem 1. Let E' and E be complete. If f: E' — E is of class_CD1 at p
and if df (p, - ) is bijective (86), then f is one-to-one on some globe G = G(9).
Thus [ “locally” resembles df (p, - ) in this respect.

Proof. Set ¢ = df(p, -) and

- 1
lo~" I = -
9

(cf. Theorem 2 of §6).
By Definition 1, fix § > 0 so that for & € G = G(9).

. 1
47, ) - 8l < 5e.
Then by Note 5 in §2,

_ 1
(1) (V@ eG) (VueE) |df(Z,u) - o(u)| < Seldl.
Now fix any 7,5 € G, 7 # §, and set @ = 7 — §# 0. Again, by Note 5 in §2,

jdl = o~ (o(a))| < llo™ |g(a@)] = §|¢(ﬁ>l;

1'We can always make G closed by reducing 6.



58 Chapter 6. Differentiation on E™ and Other Normed Linear Spaces

SO
(2) 0 <eld] < |¢(a)].

By convexity, G D I = L[5,7], so (1) holds for 7 € I, ¥ = §+ti, 0 <t < 1.
Noting this, set

h(t) = f(5+tud) —to(d), tec B

Then for 0 <t <1,

(Verify!) Thus by (1) and (2),
sup |W'(¢)] = sup |df(5+ tdi; @) — $(a)]
0<t<1 0<t<1
(Explain!) Now, by Corollary 1 in Chapter 5, §4,
L.
[A(1) = h(O) < (1 =0)- sup [W'(t)] < 5 |o(a)]-
0<t<1

As h(0) = §and

we obtain (even if 7= )

(3) [f(7) = f(8) = o(@)] <

But by the triangle law,

Thus
() F) — F(&)| = 5lo)] > gelil = sel— 5
by (2).

Hence f(7) # f(5) whenever ¥ # 5 in G; so f is one-to-one on G, as
claimed. [

Corollary 1. Under the assumptions of Theorem 1, the maps f and f~' (the
inverse of f restricted to G) are uniformly continuous on G and f|G], respec-
tively.
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Proof. By (3),
5 — F(8)| < o) + 5|6()
< [2(d))|
< 2ol [a]
=2||¢|| |7~ 51 (7.5 €G).
This implies uniform continuity for f. (Why?)
Next, let g = f~! on H = f[G].

If 2,4 € H, let ¥ = ¢g(&) and § = ¢(¥); so 7.
g = f(5). Hence by (4),

§ € G, with ¥ = f(7) and

— — 1 — —»
|7 =91 2 5elg(@) — 9(F)l,
proving all for g, too. [

Again, f resembles ¢ which is uniformly continuous, along with ¢!,

II. We introduce the following definition.

Definition 2.

A map f:(S,p) — (T,p') is closed (open) on D C S iff, for any X C D
the set f[X] is closed (open) in T whenever X is so in S.

Note that continuous maps have such a property for inverse images (Prob-
lem 15 in Chapter 4, §2).

Corollary 2. Under the assumptions of Theorem 1, f is closed on G, and so
the set f[G] is closed in E.

Similarly for the map f=1 on f[G].
Proof for £/ = E = E" (C") (for the general case, see Problem 6). Given
any closed X C G, we must show that f[X] is closed in E.

Now, as G is closed and bounded, it is compact (Theorem 4 of Chapter 4, §6).
So also is X (Theorem 1 in Chapter 4, §6), and so is f[X]| (Theorem 1 of

Chapter 4, §8).
By Theorem 2 in Chapter 4, §6, f[X] is closed, as required. [
For the rest of this section, we shall set B/ = E = E™ (C").

Theorem 2. If E' = E = E™(C™) in Theorem 1, with other assumptions
unchanged, then f is open on the globe G = Gz(3), with § sufficiently small.?

We first prove the following lemma.

2 Thus formula (1) still holds for € = 1/||¢ ||, ¢ = df (7, -).
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Lemma. f[G] contains a globe Gg(c) where § = f(p).
Proof. Indeed, let
a= e,

where § and € are as in the proof of Theorem 1. (We continue the notation
and formulas of that proof.)

Fix any ¢ € Gg(a); so
1
c — = —¢d.
Ic—4ql < a 1€
Set h=|f — ¢ on E'. As f is uniformly continuous on G, so is h.
Now, a_is compact in E™ (C™); so Theorem 2(ii) in Chapter 4, §8, yields a
point 7 € G such that

(6) h(7) = min h[G].

We claim that 7 is in G (the interior of G).
Otherwise, |7 — p|] = ¢; for by (4),

20 — %55 - %s|F—ﬁ| GRG0
) <|f(®) —a+ e - f(p)
= h(F) + h(p).
But
h(p) == fP) =16—q <o

and so (7) yields
h(p) < a < h(7r),

contrary to the minimality of h(7) (see (6)). Thus | — p] cannot equal o.

We obtain |7 — p] < 4, so ¥ € G(d) = G and f(F) € f[G]. We shall now
show that ¢ = f(7).

To this end, we set T = &— f(7) and prove that 7 = 0. Let

i = ¢ (D),
where

as before. Then

With 7 as above, fix some



87. Inverse and Implicit Functions. Open and Closed Maps 61
with ¢ so small that § € G also. Then by formula (3),

17(8) ~ £~ o(t)] < Sleo;

also,

[f(F) = e+ o(tu)| = (1 = 1)[d] = (1 = )h(r)

—

by our choice of ¥, 4 and h. Hence by the triangle law,

hE) = 15— < (1- 5)h(@)

(Verify!)
As 0 <t < 1, this implies h(7) = 0 (otherwise, h(3) < h(7), violating (6)).
Thus, indeed,
0] = [f(7) =] =0,
ie.,

¢= f(r) € fIG] for7edq.
But ¢ was an arbitrary point of Gz(a). Hence
Ga(a) € f[G],
proving the lemma. [

Proof of Theorem 2. The lemma shows that f(p) is in the interior of f[G]
if p, f, df (p, ), and ¢ are as in Theorem 1.

But Definition 1 implies that here f € CD! on all of G (see Problem 1).

Also, df (%, - ) is bijective for any & € G by our choice of G and Theorems 1
and 2 in §6.

Thus f maps all £ € G onto interior points of f[G]; i.e., f maps any open
set X C G onto an open f[X], as required. O

Note 1. A map
f:(8,p) = (T,p)

is both open and closed (“clopen”) iff =1 is continuous—see Problem 15(iv)(v)
in Chapter 4, §2, interchanging f and f~!.

Thus ¢ = df (p, - ) in Theorem 1 is “clopen” on all of E’.

Again, f locally resembles df (p - ).

III. The Inverse Function Theorem. We now further pursue these ideas.

Theorem 3 (inverse functions). Under the assumptions of Theorem 2, let g
be the inverse of fa (f restricted to G = Gz(0)).

Then g € CD' on f|G] and dg(y, -) is the inverse of df (T, -) whenever
i=g(y),T€qG.
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Briefly: “The differential of the inverse is the inverse of the differential.”

Proof. Fix any § € f[G] and & = ¢g(¥); so ¥ = f(Z) and & € G. Let U =
af (z, -).

As noted above, U is bijective for every & € G by Theorems 1 and 2 in §6;
so we may set V = U~!. We must show that V = dg(7, -).

To do this, give ¢ an arbitrary (variable) increment Ay, so small that 4+ Ay
stays in f[G] (an open set by Theorem 2).

As g and fg are one-to-one, Ay uniquely determines
AT = g(§+ AY) — 9(i) =1,
and vice versa:
AG = f(T+1) - f(T)

Here Ay and ¢ are the mutually correspondz’ng increments of ¥ = f(&) and
Z = ¢(¥). By continuity, ¥ — 0 iff £ — 0.3

As U = df(7, ),
tlgnﬂrfxw‘) 1@ - U@ =o,

or

(3) g%%w@ 0,

where
(9) F(t) = f(Z+1) - f() - U®).
As V =U"!, we have

So from (9),
V(F(1) =V (Ag) —T
= V(AY) — [9(F + AY) — g(H)];
that is,
10) o 89 - - vian = "EOL ags

Now, formula (4), with 7= &

0|
[l
84
+
)
=
o.
IS
0]
=
o
=
w
—+
=
»
—+

1f (@ +

E;l

- f@)| = —€|ﬂ

3 This change of variables is admissible as the map t «— A{ is one-to-one (Corollary 2 in
Chapter 4, §2).
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i.e., |A] > Le|f]. Hence by (8),

Ayl — %5|ﬂ e

VP _ [VF@] _ 2

1 2 1 -~ S

]

Since # — 0 as Aj — 0 (change of variables!), the expression (10) tends to
0 as A7 — 0.

By definition, then, g is differentiable at ¥, with dg(i, -) =V = U~!.

Moreover, Corollary 3 in §6, applies here. Thus

(Vo' >0) (36" >0) |[U-W| <" =|U-—W <.

Taking here U~! = dg (7, - ) and W1 = dg(7+ Ay), we see that g € CD! near
y. This completes the proof. [J

Note 2. If B/ = E = E™ (C™), the bijectivity of ¢ = df (p, - ) is equivalent to

det[] = det[f'(7)] # 0

(Theorem 1 of §6).

In this case, the fact that f is one-to-one on G = G () means,componentwise
(see Note 3 in §6), that the system of n equations

filZ) = f(x1,...,xn) =y;, 1=1,...,n,
has a unique solution for the n unknowns x; as long as
(y1,- - yn) =7 € fIG].
Theorem 3 shows that this solution has the form
xr =gr(Y), k=1,...,n,

where the g are of class CD! on f[G] provided the f; are of class CD! near p
and det [f/(p)] # 0. Here

det[f"(P)] = J¢(P),

as in §6.
Thus again f “locally” resembles a linear map, ¢ = df (p, -).

IV. The Implicit Function Theorem. Generalizing, we now ask, what

about solving n equations in n + m unknowns x1,...,Tp, Y1,---,Ym? Say, we
want to solve
(11) fe(@x, oo Y1, Ym) =0, k=1,2,... n,

for the first n unknowns (or variables) xj, thus expressing them as

xr = Hi(y1, .. yym), k=1,...,n,
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with H: E™ — E' or H,: C™ — C.

Let us set & = (z1,...,%n), ¥ = (Y1,---,Ym), and

(fug) = (mlu"'u'xn,yl,---;ym)

so that (Z,y) € E"T™ (C™T™).

Thus the system of equations (11) simplifies to

fk(f7g>207 k:]‘""7n7
or
f(@,9) =0,
where f = (f1,..., fn) 15 a map of E™T™ (C™™) into E™ (C™); f is a function
of n 4+ m wvariables, but it has n components fy; i.e.,
f(@.9) = f@1, . Tns Y1, Ym)
is a vector in E™ (C™).
Theorem 4 (implicit functions). Let £/ = E™t™ (C™t™), E = E™ (C™), and
let f: E' — E be of class CD! near
(]5;@:(p17"'7pn7QI7"'7qm)7 ﬁeEn(Cn)7 q_’eEm(Cm)'

Let [¢] be the n x n matrix
(D fx(0,9)), 4, k=1,...,n.
If det[¢] # 0 and if f(P,q) = 0, then there are open sets
P C E"(C™) and Q C E™ (C™),
with p € P and ¢ € Q, for which there is a unique map
H:Q— P
with .
JH ), §) =0
for all § € Q; furthermore, H € CD' on Q.
Thus & = H(¥) is a solution of (11) in vector form.
Proof. With the above notation, set
F(Z,9) = (fZ,9),y), F:E —FE.
Then .
F@.q) =(f@.0,0 = (0,9,

since f(7,q) = 0.
As f € OD" near (p,q), so is F (verify componentwise via Problem 9(ii) in
§3 and Definition 1 of §5).
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By Theorem 4, §3, det[F'(p, q)] = det[¢] # 0 (explain!).
Thus Theorem 1 above shows that F' is one-to-one on some globe G about

(7 q)-

Clearly G contains an open interval about (p,q). We denote it by P x Q
where p'€ P, ¢ € Q; P is open in E" (C™) and Q is open in E™ (C™).*
By Theorem 3, Fpyq (F restricted to P x Q) has an inverse

g: A+—— P xQ,

onto

where A = F[P x Q] is open in E' (Theorem 2), and g € CD' on A. Let

the map v = (¢1,...,9,) comprise the first n components of g (exactly as f
comprises the first n components of F).
Then

9(7, ) = (u(Z,9), 9)

exactly as F(Z,7) = (f(Z,7),¥). Also, u: A — P is of class CD! on A4, as g is
(explain!).
Now set

here y € @), while
(0,7) € A= F[P x Q)

for F' preserves i (the last m coordinates). Also set
alZ, ) = 2.
Then f =ao F (why?), and
FH(@),9) = [(u(0,5),5) = (9(0.9) = a(F(9(0,7)) = a(0,5) =0
by our choice of o and ¢ (inverse to F'). Thus
FH(G),5) =0, §€Q,

as desired.
Moreover, as H (%) = u(0,7), we have

0 0

H(y) = 0,7), 7€Q,i<m.

As u € CD?', all Ou/dy; are continuous (Definition 1 in §5); hence so are the
OH /dy;. Thus by Theorem 3 in §3, H € CD! on Q.

4 This can be made more precise using the theory of product spaces (Chapter 4, *§11).
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Finally, H is unique for the given P, Q); for

[(#,9)=0= (f(Z.9),9) = (0,9

Thus f(Z,7) = 0 implies & = H(ij); so H (i) is the only solution for Z. [

Note 3. H is said to be implicitly defined by the equation f(Z,7) = 0. In
this sense we say that H(%) is an implicit function, given by f(&, ) = 0.

Similarly, under suitable assumptions, f(Z,7) = 0 defines 7 as a function
of 7.

Note 4. While H is unique for a given Y
neighborhood P x Q of (P, ¢), another im-
plicit function may result if P x Q or (p, q)
is changed.

For example, let

f(z,y) =2® +y*> — 25

(a polynomial; hence f € CD! on all of
E?). Geometrically, 22 + 3% — 25 = 0 de-
scribes a circle.

Solving for x, we get x = ++/25 — y2. Thus we have two functions:

Hy(y) = ++/25 — 32

FIGURE 28

and
Hy(y) = —+/25 — y2.

If P x @ is in the upper part of the circle, the resulting function is H;. Other-
wise, it is Hs. See Figure 28.

V. Implicit Differentiation. Theorem 4 only states the ezistence (and
uniqueness) of a solution, but does not show how to find it, in general.

The knowledge itself that H € CD' exists, however, enables us to use its
derivative or partials and compute it by implicit differentiation, known from
calculus.’

5 For more on implicit differentiation, see §10.
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Examples.
(a) Let f(z,y) = 2% +y* — 25 = 0, as above.
This time treating y as an implicit function of x,y = H(x), and writing
y' for H'(x), we differentiate both sides of z? + y? — 25 = 0 with respect
to x, using the chain rule for the term y? = [H (z)]?.

This yields 2z + 2yy’ = 0, whence ¢y = —x/y.
Actually (see Note 4), two functions are involved: y = +v/25 — x2; but
both satisfy z? + y? — 25 = 0; so the result ¢y = —x/y applies to both.
Of course, this method is possible only if the derivative y’ is known to
exist. This is why Theorem 4 is important.
(b) Let
flz,y,2) =2 +9y* +2°-1=0, x,y,z€ E.

Again f satisfies Theorem 4 for suitable x, y, and z.
Setting z = H(x,y), differentiate the equation f(z,y,z) = 0 partially
with respect to x and y. From the resulting two equations, obtain %

0z
and 8_y .

Problems on Inverse and Implicit
Functions, Open and Closed Maps

1. Discuss: In Definition 1, G can equivalently be replaced by G = G(9)
(an open globe).

2. Prove that if the set D is open (closed) in (S, p), then the map f: S — T
is open (closed, respectively) on D iff fp (f restricted to D) has this
property as a map of D into f[D].

[Hint: Use Theorem 4 in Chapter 3, §12.]

3. Complete the missing details in the proofs of Theorems 1-4.
3’ Verify footnotes 2 and 3.

4. Show that a map f: £/ — E may fail to be one-to-one on all of E’ even
if f satisfies Theorem 1 near every p € E’. Nonetheless, show that this
cannot occur if B/ = E = E'.

[Hints: For the first part, take E/ = C, f(z+1iy) = e®(cosy+isiny). For the second,
use Theorem 1 in Chapter 5, §2.]

4’. (i) For maps f: E' — E!, prove that the existence of a bijective

df (p, -) is equivalent to f’(p) # 0.
(ii) Let

f(z) =a +2? sin%, f(0) =0.

Show that f/(0) # 0, and f € CD! near any p # 0; yet f is not
one-to-one near 0. What is wrong?
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. Show that a map f: E™ (C") — E™(C™), f € CD', may be bijective

even if det[f’()] = 0 at some P, but then f~! cannot be differentiable
at ¢= f(p).

[Hint: For the first clause, take f(x) = x3, p = 0; for the second, note that if f~! is
differentiable at ¢, then Note 2 in §4 implies that det[df (P, -)] - det[df ~1(q, - )] = 1 #
0, since f o f~1 is the identity map.]

Prove Corollary 2 for the general case of complete E' and E.

[Outline: Given a closed X C G, take any convergent sequence {#,} C f[X]. By
Problem 8 in Chapter 4, §8, f~!(#.) = @ is a Cauchy sequence in X (why?). By
the completeness of £/, (3% € X) &, — & (Theorem 4 of Chapter 3, §16). Infer that
limgy, = f(Z) € f[X], so f[X] is closed.]

. Prove that “the composite of two open (closed) maps is open (closed).”

State the theorem precisely. Prove it also for the uniform Lipschitz
property.

. Prove in detail that f: (S,p) — (T, p’) is open on D C S iff f maps the

interior of D into that of f[D]; that is, f[D°] C (f[D])°.
Verify by examples that f may be:

(i) closed but not open;

(ii) open but not closed.

[Hints: (i) Consider f = constant. (ii) Define f: E? — E! by f(x,y) = = and let

D:{(m,y)GEQ‘y:i, m>0};

use Theorem 4(iii) in Chapter 3, §16 and continuity to show that D is closed in
E?, but f[D] = (0,+400) is not closed in E'. However, f is open on all of E? by
Problem 8. (Verify!)]

Continuing Problem 9(ii), define f: E® — E' (or C" — C) by f(¥) =
xy, for a fixed k < n (the “kth projection map”). Show that f is open,
but not closed, on E" (C™).
(i) In Example (a), take (p,q) = (5,0) or (—=5,0). Are the conditions
of Theorem 4 satisfied? Do the conclusions hold?
(ii) Verify Example (b).
(i) Treating z as a function of z and y, given implicitly by
fle,y,2) =2 422> —yz=0, f:E—E',
discuss the choices of P and () that satisfy Theorem 4. Find %
and g—;.
(ii) Do the same for f(x,y,z) = e —1=0.

Given f: E™ (C™) — E™(C™), n > m, prove that if f € CD! on a
globe G, f cannot be one-to-one.
[Hint for f: E? — E': If, say, D1f # 0 on G, set F(z,y) = (f(x,v),v).]
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14.

15.

16.

17.

18.

Suppose that f satisfies Theorem 1 for every p in an open set A C E’,
and is one-to-one on A (cf. Problem 4). Let g = f,* (restrict f to A
and take its inverse). Show that f and g are open and of class CD' on
A and f[A], respectively.

Given U € FE and a scalar ¢ # 0, define Ty: E — E (“translation by 7”)
and M.: F — E (“dilation by ¢”), by setting
T3(Z) =7+ v and M (%) = cZ.
Prove the following.
(i) T and Tgl(: T_3) are bijective, continuous, and “clopen” on E;
so also are M, and M (= M,.).
(ii) Similarly for the Lipschitz property on E.
(111) If G = Gq‘(5) C F, then T{;[G] = qu.g((”, and MC[G] = ch'(|c5|)
(iv) If f: E' — FE is linear, and ¢ = f(p) for some p € E’, then
Tyof = foTjand M.o f = fo M, where T and M/ are the
corresponding maps on E’. If, further, f is continuous at p, it is
continuous on all of E’.

[Hint for (iv): Fix any & € E’. Set ¢ = f(£ —p), g =Tzo fo ng_f. Verify
that g = f, ng_f(a‘:’) = p, and g is continuous at Z.]

Show that if f: E/ — FE is linear and if f[G*] is open in E for some
G* = Gp(6) C E', then

(i) f is open on all of E’;
(ii) f is onto E.

[Hints: (i) By Problem 8, it suffices to show that the set f[G] is open, for any globe
G (why?). First take G = G5(d). Then use Problems 7 and 15(i)—(iv), with suitable
¥ and c.

(ii) To prove E = f[E'], fix any § € E. As f = G(9) is open, it contains a globe
G' = Gg(r). For small ¢, cj € G’ C f[E’]. Hence § € f[E'] (Problem 10 in §2).]

Continuing Problem 16, show that if f is also one-to-one on G*, then

f: B «—— E,

onto

feEL(EE), f~Y € L(E,E"), fis clopen on E', and f~!is so on E.
Hints: To prove that f is one-to-one on E’, let f(Z) = f(2’) = ¥ for some Z, 7’ € E’.
[ p y

Show that

(e, e>0) cf € Gye) C fIG5(9)] and f(cT 4 p) = f(cT’' + P) € fIGz(6)] = FIGT].

Deduce that ¢Z 4 p = ¢’ + pand £ = &’. Then use Problem 15(v) in Chapter 4, §2,
and Note 1.]

A map
f(8,p) < (T, p")

onto
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is said to be bicontinuous, or a homeomorphism, (from S onto T') iff
both f and f~! are continuous. Assuming this, prove the following.

(i) zp — pin S f(z,) — f(p) in T}
(ii) A is closed (open, compact, perfect) in S iff f[A] is so in T’
(iii) B= A in S iff f[B] = f[A] in T}
(iv) B= A%in S iff f[B] = (f[A])°? in T
(v) Aisdensein B (ie., AC BC ACS)in (9,p) iff f[A] is dense in
fB] < (T, p").
[Hint: Use Theorem 1 of Chapter 4, §2, and Theorem 4 in Chapter 3, §16, for closed
sets; see also Note 1.]

19. Given A, B C E, v € F and a scalar c, set
A+v={Z+v|F7€A}land cA={cZ|F € A}.
Assuming ¢ # 0, prove that
(i) A is closed (open, compact, perfect) in E iff cA + ¥ is;
(i) B=Aiff cB+ 7= cA+0;
(iii) B = A% iff cB+ ¥ = (cA+ )%
(iv) A is dense in B iff cA 4 ¥ is dense in ¢B + 7.
[Hint: Apply Problem 18 to the maps Ty and M, of Problem 15, noting that A7 =
Ts[A] and cA = Mc[A]/]

20. Prove Theorem 2, for a reduced ¢, assuming that only one of E’ and E
is E™ (C™), and the other is just complete.
[Hint: If, say, E = E™ (C™), then f[G] is compact (being closed and bounded), and so
is G = f~1[f[G]]. (Why?) Thus the Lemma works out as before, i.e., f[G] D Gz(c).
Now use the continuity of f to obtain a globe G’ = Gp(6’) C G such that
fIG'] C Gg(a). Let g = fél, further restricted to Gg(a). Apply Problem 15(v) in
Chapter 4, §2, to g, with S = Gg(a), T = E’ ]

*§8. Baire Categories. More on Linear Maps

We pause to outline the theory of so-called sets of Category I or Category II,
as introduced by Baire. It is one of the most powerful tools in higher analysis.
Below, (S, p) is a metric space.
Definition 1.
A set A C (S, p) is said to be nowhere dense (in S) iff its closure A has
no interior points (i.e., contains no globes): (4)° = 0.
Equivalently, the set A is nowhere dense iff every open set G* # 0 in
S contains a globe G disjoint from A. (Why?)
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Definition 2.
A set A C (S, p) is meagre, or of Category I (in §), iff

A= D A,
n=1

for some sequence of nowhere dense sets A,,.
Otherwise, A is said to be nonmeagre or of Category II.
A is residual iff —A is meagre, but A is not.

Examples.

(a) @ is nowhere dense.

(b) Any finite set in a normed space E is nowhere dense.
(c) The set N of all naturals in E' is nowhere dense.
)

(d) So also is Cantor’s set P (Problem 17 in Chapter 3, §14); indeed, P is
closed (P = P) and has no interior points (verify!), so (P)? = P° = .

(e) The set R of all rationals in E! is meagre; for it is countable (see Chap-
ter 1, §9), hence a countable union of nowhere dense singletons {r,},
rn € R. But R is not nowhere dense; it is even dense in E', since R = E!
(see Definition 2, in Chapter 3, §14). Thus a meagre set need not be
nowhere dense. (But all nowhere dense sets are meagre—why?)

Examples (c) and (d) show that a nowhere dense set may be infinite (even
uncountable). Yet, sometimes nowhere dense sets are treated as “small” or
“negligible,” in comparison with other sets. Most important is the following
theorem.

Theorem 1 (Baire). In a complete metric space (S, p), every open set G* # ()
1s nonmeagre. Hence the entire space S is residual.

Proof. Seeking a contradiction, suppose G* is meagre, i.e.,

G* = G A,
n=1

for some nowhere dense sets A,,. Now, as A; is nowhere dense, G* contains a
closed globe

G =G, (01) C —A,.

Again, as A, is nowhere dense, (G; contains a globe

o 1
G2 = Gx2((52) - —AQ, with 0 < (52 < 551
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By induction, we obtain a contracting sequence of closed globes

1
Go =G, (5), with 0< 3, < 5261 — 0.

As S is complete, so are the G,, (Theorem 5 in Chapter 3, §17). Thus, by
Cantor’s theorem (Theorem 5 of Chapter 4, §6), there is
pE G,,.

n=1
As G* D G, we have p € G*. But, as G,, C —A,,, we also have (Vn) p & A,;

hence

p¢|JAn=6"
n=1

(the desired contradiction!). [

We shall need a lemma based on Problems 15 and 19 in §7. (Review them!)
Lemma. Let f € L(E',E), E' complete. Let G = G5(1) be the unit globe in

E'. If fIG] (closure of f[G] in E) contains a globe Gy = Go(r) C E, then
Go C fIG].

Note. Recall that we “arrow” only vectors from E’ (e.g., 0), but not those
from E (e.g., 0).

Proof of lemma. Let A = f[G] N Gy C Gy. We claim that A is dense in

Go; ie., Go € A. Indeed, by assumption, any ¢ € Go is in f[G]. Thus by
Theorem 3 in Chapter 3, §16, any G, meets f[G] N Gy = A if ¢ € G. Hence

(Vg€ Go) qeA4,
i.e., Gy C A, as claimed.
Now fix any go € Go = Go(r) and areal ¢ (0 < ¢ < 1). As A is dense in Gy,
AN Gy, (cr) # 0
solet g1 € ANGy, (cr) C f[G]. Then

lg1 — qo| < cr,  qo € Gy, (cr).

As q1 € f[G], we can fix some p; € G = Go(1), with f(p1) = ¢1. Also, by
Problems 19(iv) and 15(iii) in §7, cA + ¢y is dense in cGo + ¢1 = Gy, (cr). But
qo € Gy, (cr). Thus
G () N (cA+aq1) # 0
s0 let o € Gy (2r) N (cA + q1), 80 qo € Gy, (c?r), ete.
Inductively, we fix for each n > 1 some ¢,, € G4, (c"r), with

qn € cn_lA + qn—1,
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ie.,

n —Qqn-1 € A"TLA.
As A C f[Go(1)], linearity yields
Gn — qn_1 € fI"FGo(1)] = f[Go(c"™ )], n>1.

Thus for each n > 1, there is p,, € Go(c"™1), (i.e., |Pn] < 1) such that
f(Pn) = @n — gn_1. Now, as |pn| <c"land 0 <c <1,

oo
Z ’ﬁn’ < +00;
1

so by the completeness of E’, > p, converges in E’ (Theorem 1 in Chapter 4,
§13). Let p'= >, | Pk; then

@)= 1( Jim o) = g 7305
k=1 k=1
nli_)n;OZf(ﬁk) for f € L(E',E).
k=1

But f(Pk) = qr — qr—1 (k> 1), and f(p1) = q1; so
D FB) =a+ Y (ak — ak-1) = gn.
k=1 k=2

Thus

F(B) = lim > f(f) = lim g = go."
k=1

Moreover, |py| < ¢~ (k > 1). Thus

(e%e] [e’] 1
= k—1 __ .
|ﬁ1§;£§;|pk|<:gggc - 1__67

ie.,

ﬁ€G6<1i0>'

we feo(r=)]

! Note that g, — qo, since qn € Gg,(c"r) implies |gn, — qo| < c"r — 0, as 0 < ¢ < 1.

But go = f(p); so




74 Chapter 6. Differentiation on E™ and Other Normed Linear Spaces

As qo € Go(r) was arbitrary, we have

< ()]

l1—c¢

or by linearity,
Go(r(1—c)) € flGo(1)] = fIG].
This holds for any ¢ € (0,1). Hence
fIG12 | Go(r(1=¢)) =Go(r). (Verify!)
0<e<1
Thus all is proved. [

We can now establish an important result due to S. Banach.

Theorem 2 (Banach). Let f € L(E',E), with E' complete. Then f[E'] is
meagre in E or f[E'] = E, according to whether f[Gg(1)] is or is not nowhere
dense.?

Proof. If f[G((1)] is nowhere dense in F, so also is f[Gg(n)], n > 0. (Verify
by Problems 15 and 19 in §7.) But then

flE = 1 [f_j Gulm)] = f_j F1Gs()

is a countable union of nowhere dense sets, hence meagre, by definition.

Now suppose f[G(1)] is not nowhere dense; so f[Gz(1)] contains some
Gy(r) € E. We may assume ¢ € f[G5(1)] (if not, replace g by a close point
from f[G5(1)]). Then ¢ = f(p) for some p'€ G5(1). The latter implies

| =5l = |7l = p(7,0) < 1;
SO
G_p(1) € G5(2).

Also, as f[G5(1)] 2 G4(r), translation by —q = f(—p) yields
IG5V + f(=p) 2 Gq(r) —q = Go(r),

ie.,

Go(r) € fIG-5(1)] € flG5(2)].
Hence f[Gg(1)] 2 Go(47) (why?); so, by the Lemma

1) FIG5(1)] 2 Go5r) in E.

2 Of course, if E is meagre, so is f[E’] in both cases.
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This implies f[Gg(2n)] 2 Go(nr), and so
7B 2 | Golnr) = E.
n=1

i.e., f[E'] = E, as required. Thus the theorem is proved. [

Theorem 3 (Open map principle). Let f € L(E', E), with E' and E complete.
Then the map f is open on E'" iff f[E'] = E, i.e., iff f is onto E.

Proof. If f[E'] = E, then by Theorem 1, f[E’'] is nonmeagre in E, as is F
itself. Thus by Theorem 2, f[G5(1)] is not nowhere dense, and (1) follows as
before. Hence by Problems 15(iii) and 19 in §7, f[G O some G, whenever
q = f(p). (Why?) Therefore, Gz C A C E’ implies

Gy C fIGyl € flA];

i.e., f maps any interior point p € A into such a point of f[A]. By Problem 8
in §7, f is open on E’.

Conversely, if so, then f[FE’'] is an open set # () in E, a complete space; so by
Theorems 1 and 2, f[F’] is nonmeagre and equals F. (See also Problem 16(ii)
in §7.) O

Note 1. Theorem 3 holds even if f is not one-to-one.

Note 2. If in Theorem 3, however, [ is bijective, it is open on E’, and
so f~! € L(E,E') by Note 1 in §7. (This is the promised general proof of
Corollary 2 in §6.)

Theorem 4 (Banach—Steinhaus uniform boundedness principle). Let E’ be
complete. Let N be a family of maps f € L(E', E) such that

(2) (Vze E'Y 3ke EY) (VfeN) |f(@) <k
(“N is bounded at each Z.”)

Then N is “norm-bounded,” i.e.,
GEeE") (VfeN) |fl <K,
with || || as in §2.
Proof. It suffices to show that N is “uniformly” bounded on some globe,
(3) (Bece BEY) BG=Gyr) (VfeN) (Vie ) |f@)]<e
For then |Z — p] < r implies
2¢ > [f(Z) = f(D) = [/ (& = P),
or (setting ¥ — p'=ry) |y| < 1 implies

(FEN) LF@I <2 (why?);



76 Chapter 6. Differentiation on E™ and Other Normed Linear Spaces

SO
2c

VfeN) lfl= sup \f( )l < -

Thus, seeking a contradiction, suppose (3) fails and assume its negation:
(4)  (VeeB) (VG=Gy(r) BfeN) BTG =Gyr) |f@)]>c
Then for ¢ = 1, we can fix some f; € N and Gz, (r1) such that 0 < r; < 1 and

|fi(Z1)] > 1.
By the continuity of the norm | |, we can choose r; so small that
(VT e Gz (r)) [f(@)]>1.
Again by (4), we fix fo € N and @3 € Gz, (r1) such that | f2| > 2 on some globe
Gg,(r2) € Gz, (r1),

with 0 < 79 < 1/2. Inductively, we thus form a contracting sequence of closed
globes

- 1
an(rn), 0o<r, < -,
n
and a sequence {f,} C N, such that
(Vn) |fn] >non Gz (r,) C E

As E' is complete, so are the closed globes Gz (r,) C E’. Also, 0 < r,, <
1/n — 0. Thus by Cantor’s theorem (Theorem 5 of Chapter 4, §6), there is

Zo € [) Gz, (rn).

n=1
As %y is in each Gz, (1), we have

(Vn)  [fu(do)] > n;
(2

so N is not bounded at Ty, contrary to (2). This contradiction completes the

proof. [

Note 3. Complete normed spaces are also called Banach spaces.

Problems on Baire Categories and Linear Maps

1. Verify the equivalence of the various formulations in Definition 1. Dis-
cuss: A is nowhere dense iff it is not dense in any open set # ().

2. Verify Examples (a) to (e). Show that Cantor’s set P is uncountable.
[Hint: Each p € P corresponds to a “ternary fraction,” p = > 7 | /3", also written

0.x1,z2,...,Zn,..., where , = 0 or z,, = 2 according to whether p is to the left,
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10.

or to the right, of the nearest “removed” open interval of length 1/3™. Imitate the
proof of Theorem 3 in Chapter 1, §9, for uncountability. See also Chapter 1, §9,
Problem 2(ii).]

Complete the missing details in the proof of Theorems 1 to 4.

Prove the following.

(i) If B C A and A is nowhere dense or meagre, so is B.

(ii) If B C A and B is nonmeagre, so is A.

[Hint: Assume A is meagre and use (i)).]

(iii) Any finite union of nowhere dense sets is nowhere dense. Disprove
it for infinite unions.

(iv) Any countable union of meagre sets is meagre.

Prove that in a discrete space (.S, p), only () is meagre.
[Hint: Use Problem 8 in Chapter 3, §17, Example 7 in Chapter 3, §12, and our
present Theorem 1.]

Use Theorem 1 to give a new proof for the existence of irrationals in E®.

[Hint: The rationals R are a meagre set, while E! is not.]

What is wrong about this “proof” that every closed set F # () in a
complete space (5, p) is residual: “By Theorem 5 of Chapter 3, §17, F
is complete as a subspace. Thus by Theorem 1, F' is residual.” Give
counterexamples!

We call K a Gs-set and write K € G iff K = ﬂzozl G, for some open
sets G,,.2

(i) Prove that if K is a Gs-set, and if K is dense in a complete metric
space (S, p), i.e., K =S, then K is residual in S.

[Hint: Let F,, = —Gy. Verify that (Vn) Gy is dense in S, and F}, is nowhere
dense. Deduce that —K = — (| Gy, = |J F), is meagre. Use Theorem 1.]

(ii) Infer that R (the rationals) is not a Gs-set in E' (cf. Example (c)).

. Show that, in a complete metric space (5, p), a meagre set A cannot

have interior points.
[Hint: Otherwise, A would obtain a globe G. Use Theorem 1 and Problem 4(ii).]

(i) A singleton {p} C (S, p) is nowhere dense if S clusters at p; oth-
erwise, it is nonmeagre in S (being a globe, and not a union of
nowhere dense sets).

(ii)) If A C S clusters at each p € A, any countable set B C A is
meagre in S.

3 Such is any closed set A = A C (S, p) (see Problem 20 in Chapter 3, §16).
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(i) Show that if @ # A € Gs (see Problem 8) in a complete space (.S, p),
and A clusters at each p € A, then A is uncountable.

(ii) Prove that any nonempty perfect set (Chapter 3, §14) in a complete
space is uncountable.

(iii) How about R (the rationals) in E' and in R as a subspace of E17?
What is wrong?

[Hints: (i) The subspace (A,p) is complete (why?); so A is nonmeagre in A, by
Problem 8. Use Problem 10(ii). (ii) Use Footnote 3.]

If G is open in (S, p), then G — G is nowhere dense in S.
[Hint: G — G = GN(—G) is closed; so

G-G)0=G-0)°=Gn-3)°"=0
by Problem 15 in Chapter 3, §12 and Problem 15 in Chapter 3, §16.]
(“Simplified” uniform boundedness theorem.) Let f,: (S,p) — (T, p’)

be continuous for n = 1,2, ..., with S complete. If { f,,(z)} is a bounded
sequence in T for each z € S, then {f,} is uniformly bounded on some

open G # ()
(VpeT) (3k) (Vn) (V2 €G) p(p fulz)) <k

[Outline: Fix p € T and (Vn) set
Fo={z€S|(Ym)n> g, fm(@)}

Use the continuity of f,, and of p’ to show that F), is closed in S, and S = ;2 | F
By Theorem 1, S is nonmeagre; so at least one Fj, is not nowhere dense—call it F,
so (F)0 = FO 75 (. Set G = FY and show that G is as required.]

Let f,: (S,p) — (T,p') be continuous for n = 1,2,... Show that if
fn — [ (pointwise) on S, then f is continuous on S — @, with ) meagre
in S.

[Outline: (Vk,m) let

Aim= U {2 €8] o/0n@), fm@) > 1.

By the continuity of p’, fy and fm, Agm is open in S. (Why?) So by Problem 12,
Upe—1(Akm — Akm) is meagre for k =1,2,....
Also, as fn — fon S, o _; Akm = 0. (Verify!) Thus

(Vk) m Ak:m = U A km _Ak:m)'
m=1
(Why?) Hence the set Q = Jz—; Nyne1 Akm is meagre in S.
Moreover, S — Q = N7, USY_;(—Akm)? by Problem 16 in Chapter 3, §16.
Deduce that if p € S — @Q, then

(Ve >0) 3mo) (3Gp) (Vn,m >mg) (Vo € Go) o' (fm(z), fn(z)) <e.
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Keeping m fixed, let n — oo to get
(Ve > 0) @mo) (3Gyp) (Ym > mo) (Y2 € Gp) ¢ (fm(@), f(a)) < .

Now modify the proof of Theorem 2 of Chapter 4, §12, to show that this implies the
continuity of f at each p € S — Q]

89. Local Extrema. Maxima and Minima

We say that f: B/ — E! has a local mazimum (minimum) at p € E’ iff f(p) is
the largest (least) value of f on some globe G about p;, more precisely, iff

(VZeG) Af=f(Z)—f(p)<0(>0).

We speak of an improper extremum if we only have Af < 0 (> 0) on G. In
any case, all depends on the sign of Af.

From Problem 6 in §1, recall the following necessary condition.
Theorem 1. If f: E' — E' has a local extremum at  then Dz f(p) = 0 for
al@#0 in E'.

In the case E' = E™ (C™), this means that d*f(p, -) =0 on E'.

(Recall that d' f(p:t) = S_1_, Dif(P)ts. It vanishes if the Dy f(p) do.)

Note 1. This condition is only necessary, not sufficient. For example, if
f(x,y) = zy, then d' (0, -) = 0; yet f has no extremum at 0. (Verify!)

Sufficient conditions were given in Theorem 2 of §5, for £/ = E'. We now
take up E' = E°.
Theorem 2. Let f: E? — E' be of class CD? on a globe G = G5(5). Suppose
dlf(ﬁ, ) =0 on EQ. Set A = Dllf(ﬁ), B = Dlgf(p_'), and C = ngf(p_')

Then the following statements are true.

(i) If AC > B?, f has a maximum or minimum at P, according to whether

A<0orA>D0.

(ii) If AC < B2, f has no extremum at p.

The case AC' = B is unresolved.
Proof. Let 7€ Gand @ =7 — p# 0.
As d' f(p, -) = 0, Theorem 2 in §5, yields

Af = J@) ~ 1) = Ry = 5 [(5:),

with § € L(p, %) C G (see Corollary 1 of §5). As f € CD?, we have Diof =
Doy f on G (Theorem 1 in §5). Thus by formula (4) in §5,
1 1

(1)  Af= §d2f(§; ) = §[D11f(§)U% +2D1af (§)urug + Doz f(5)u3).
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Now, as the partials involved are continuous, we can choose G = G(9) so
small that the sign of expression (1) will not change if § is replaced by p. Then
the crucial sign of Af on G coincides with that of

(2) D = Au? + 2Bujus + Cuj

(with A, B, and C as stated in the theorem).
From (2) we obtain, by elementary algebra,

(3) AD = (Au; + Bug)* + (AC — B*)u3,
(3) CD = (Cuy + Bug)* + (AC — B*)u3.

Clearly, if AC > B2, the right-side expression in (3) is > 0; so AD > 0,
i.e., D has the same sign as A.

Hence if A < 0, we also have Af < 0 on G, and f has a maximum at p. If
A >0, then Af >0, and f has a minimum at p.

Now let AC' < B?. We claim that no matter how small G = Gz(d), Af
changes sign as ¥ varies in G, and so f has no extremum at p.

Indeed, we have & = p+ @, @ = (u1,us) # 0. If uy = 0, (3) shows that D
and Af have the same sign as A (A # 0).

But if us # 0 and vy = —Buy/A (assuming A # 0), then D and Af have
the sign opposite to that of A; and & is still in G if ug is small enough (how
small?).

One proceeds similarly if C' # 0 (interchange A and C, and use (3').

Finally, if A = C = 0, then by (2), D = 2Bujus and B # 0 (since AC < B?).
Again D and Af change sign as ujus does; so f has no extremum at p. Thus
all is proved. [

Briefly, the proof utilizes the fact that the trinomial (2) is sign-changing iff
its discriminant B?> — AC' is positive, i.e., ‘ g g | < 0.

Note 2. Functions f: C — E! (of one complex variable) are likewise cov-
ered by Theorem 2 if one treats them as functions on E? (of two real variables).

Functions of n variables. Here we must rely on the algebraic theory of so-
called symmetric quadratic forms, i.e., polynomials P: E" — E' of the form

n n
P(d) = Y ajuiuy,
j=1i=1

where @ = (u;,... ,u,) € E" and a;; = a;; € E'.
We take for granted a theorem due to J. J. Sylvester (see S. Perlis, Theory
of Matrices, 1952, p. 197), which may be stated as follows.



§9. Local Extrema. Maxima and Minima 81

Let P: E™ — E' be a symmetric quadratic form,

P(ﬁ) = Z Z QiU Uy .

j=1i=1

(i) P >0 on all of E™—{0} iff the following n determinants Ay are positive:

aii a2 e a1k
a1 as9 e asy.

(4) Ay = ., k=1,2,... ,n.
QL1 a2 Ak

(ii) We have P <0 on E™ — {0} iff (~1)*Ay >0 for k=1,2,... ,n.

Now we can extend Theorem 2 to the case f: E® — E'. (This will also
cover f: C" — E! treated as f: E*® — E'.) The proof resembles that of
Theorem 2.

Theorem 3. Let f: E™ — E' be of class CD? on some G = Gz(J). Suppose
df(p, -) = 0 on E"™. Define the Ay as in (4), with a;; = D;; f(p), i,7,k < n.
Then the following statements hold.

(i) f has a local minimum at p if A >0 fork=1,2,... n.

(i) f has a local mazimum at p if (=1)¥Ax >0 fork=1,... ,n.

(iii) f has no extremum at p if the expression

P(ﬁ) = Z Z AU U

j=1i=1

is > 0 for some @ € E™ and < 0 for others (i.e., P changes sign on E™).

Proof. Let again ¥ € G, u =7 —p # 0, and use Taylor’s theorem to obtain

1 mn n
(5) Af=f@) - f) =R = §d2f(§; i) = ;;Dijf(g)UiUm
with § € L(Z, p).

As f € CD?, the partials D;; f are continuous on G. Thus we can make G so
small that the sign of the last double sum does not change if s is replaced by p.
Hence the sign of Af on G is the same as that of P(@) = >0, Y21, aijuuy,
with the a;; as stated in the theorem.

The quadratic form P is symmetric since a;; = aj; by Theorem 1 in §5.
Thus by Sylvester’s theorem stated above, one easily obtains our assertions (i)
and (ii). Indeed, they are immediate from clauses (i) and (ii) of that theorem.
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Now, for (iii), suppose P(u) > 0 > P(v), i.e.,

n n n n
Z Zaijuiuj >0> Z Zaijvifuj for some u,v € E" — {6}

j=1i=1 j=11i=1

If here @ and ¥ are replaced by tu and tv (¢t # 0), then w;u; and v;v; turn
into t2uiuj and t%ivj, respectively. Hence

P(td) = t2P(d@) > 0 > t2P(%) = P(t7).

Now, for any t € (0,9/|u]), the point & = p + ti lies on the @-directed line
through p, inside G = G(§). (Why?) Similarly for the point &' = p'+ ¢v.

Hence for such Z and 7', Taylor’s theorem again yields formulas analogous
to (5) for some § € L(p,Z) and § € L(p,2") lying on the same two lines. It
again follows that for small ¢,

f@) = fp) > 0> f(&) = f(P),
just as P(u) > 0 > P(%).
Thus Af changes sign on G5(d), and (iii) is proved. O

Note 3. Still unresolved are cases in which P (@) vanishes for some @ # 0,
without changing its sign; e.g., P(@0) = (u; + ug +uz)? = 0 for @ = (1,1, —-2).
Then the answer depends on higher-order terms of the Taylor formula. In
particular, if d* f(p, -) = d®f(P, - ) = 0 on E™, then Af = Ry = éd?’f(ﬁ; 3), etc.

Note 4. The largest or least value of f on a set A (sometimes called the
absolute maximum or minimum) may occur at some noninterior (e.g., bound-
ary) point p' € A, and then fails to be among the local extrema (where, by
definition, a globe Gy C A is presupposed). Thus to find absolute extrema, one
must also explore the behaviour of f at noninterior points of A.

By Theorem 1, local extrema can occur only at so-called critical points p,
i.e., those at which all directional derivatives vanish (or fail to exist, in which
case Dz f(p) = 0 by convention).

In practice, to find such points in E™ (C™), one equates the partials Dy f
(k < n) to 0. Then one uses Theorems 2 and 3 or other considerations to
determine whether an extremum really exists.

Examples.
(A) Find the largest value of
f(z,y) =sinzx + siny — sin(z + y)

on the set A C E? bounded by the lines = 0, y = 0 and = + y = 2.
We have

Dy f(x,y) = cosx — cos(z + y) and Do f(x,y) = cosy — cos(x + y).
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Inside the triangle A, both partials vanish only at the point (%’T, %”) at

which f = %\/g On the boundary of A (i.e., on the lines z =0, y =0
and z+y = 2m), f = 0. Thus even without using Theorem 2, it is evident
that f attains its largest value,

27 2w 3
I Y
f< 373 ) 2 f’
at this unique critical point.
Find the largest and the least value of
f(z,y, 2) = a®2% + 0%y + 222 — (ax® + by® + c2?)?,

on the condition that v +y?> + 22 =1and a > b >c > 0.
As 22 =1 — 22 — 9%, we can eliminate z from f(z,v,z) and replace f

by F': E? — E:
Flz,y) = (a® = )2’ + (07 = )y + &~ [(a = c)a® + (b — )y + .

(Explain!) For F, we seek the extrema on the disc G = Gy(1) C EZ,
where 22 + y? < 1 (so as not to violate the condition z? + 3% + 22 = 1).

Equating to 0 the two partials
D1 F(x,y) = 2x(a — c){(a+c) — 2[(a — c)x* + (b — c)y* + ]*} = 0,
DaF(z,y) = 2y(b— ) {(b+¢) = 2[(a—c)2® + (b~ c)y* + ]’} =0

and solving this system of equations, we find these critical points in-
side G-

(1) 2=y =0 (F=0)
(2) 2=0,y==42"7 (F

(3) 2=42"2,y=0 (F

(Verify!)

Now, for the boundary of G, i.e., the circle 22 + y?> = 1, repeat this
process: substitute y? = 1 — 22 in the formula for F(z,y), thus reducing
it to

hz) = (a® —b*)2® + 0% + [(a — b)z> + b2, h: E' — E',
on the interval [—1,1] C E'. In (—1,1) the derivative
B (z) = 2(a — b)x(1 — 22?)
vanishes only when
(4) x=0(h=0), and
(5) 2 =+2"% (h = L(a—b)?).
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Finally, at the endpoints of [—1, 1], we have
(6) x =41 (h=0).
Comparing the resulting function values in all six cases, we conclude
that the least of them is 0, while the largest is 1(a — ¢)?. These are the

desired least and largest values of f, subject to the conditions stated.
They are attained, respectively, at the points

(0,0,£1), (0,41,0), (£1,0,0), and (£27%,0,£272).

Again, the use of Theorems 2 and 3 was redundant.! However, we
suggest as an exercise that the reader test the critical points of F' by
using Theorem 2.

Caution. Theorems 1 to 3 apply to functions of independent variables only.
In Example (B), =, y, z were made interdependent by the imposed equation
2+ y2 +22=1

(which geometrically limits all to the surface of G5(1) in E®), so that one of
them, z, could be eliminated. Only then can Theorems 1 to 3 be used.

Problems on Maxima and Minima

1. Verify Note 1.
1’. Complete the missing details in the proof of Theorems 2 and 3.

2. Verify Examples (A) and (B). Supplement Example (A) by applying
Theorem 2.

3. Test f for extrema in E? if f(x,y) is

2 2

N Y )
(i) 2p+2q (p>0,q>0);
X

2 2
i) —— == (p>0,qg>0);
(i) 5, — 5, ®>0.a>0)
(i) y* + 2%
(iv) y? + 23.
4. (i) Find the maximum volume of an interval A C E? (see Chapter 3,
§7) whose edge lengths z, y, z have a prescribed sum: z+y+z = a.

(ii) Do the same in E* and in E™; show that A is a cube.

! Indeed, by Theorem 2(ii) in Chapter 4, §8, absolute extrema must exist here, as all is
limited to the compact sphere, 2 + y2 + 22 = 1.
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(iii) Hence deduce that

1 n
n ce e Ty < _ > 0 ,
YVrixe - - El k(T )

i.e., the geometric mean of n nonnegative numbers is < their arith-
metic mean.

5. Find the minimum value for the sum f(x,y,2,t) =z +y+ 2z +t of four
positive numbers on the condition that zyzt = ¢* (constant).
[Answer: x =y =2z =t = ¢; fmax = 4c.]

6. Among all triangles inscribed in a circle of radius R, find the one of
maximum area.

[Hint: Connect the vertices with the center. Let x,y, z be the angles at the center.
Show that the area of the triangle = %RQ (sinz+siny+sin z), with z = 27— (x4 y).]

7. Among all intervals A C E? inscribed in the ellipsoid

2 2 2
T Y z
2Tt

find the one of largest volume.

2a  2b ﬁ]
\/57 \/57 \/g

8. Let P; = (a;.b;), i = 1,2,3, be 3 points in E? forming a triangle in
which one angle (say, £P;) is > 27/3.
Find a point P = (z,y) for which the sum of the distances,

[Answer: the edge lengths are

3
PP+ PP+ PPy => +/(z—a;)2+ (y—b;)?,
=1

is the least possible.
[Outline: Let f(z,y) = S0, /(& —ai)2 + (y — b;)2.
Show that f has no partial derivatives at Py, P2, or Ps (and so P1, P2, and P3 are

critical points at which an extremum may occur), while at other points P, partials
do exist but never vanish simultaneously, so that there are no other critical points.

Indeed, prove that D; f(P) = 0 = D2 f(P) would imply that

3 3
Zcos@i =0= Zsinei,
i=1 1

where 6; is the angle between PP; and the z-axis; hence
sin(01 - 92) = sin(02 - 93) = sin(03 - 91) (Why?),

and so 01 — 03 = 02 — 03 = 03 — 01 = 27 /3, contrary to LP; > 27/3. (Why?)
From geometric considerations, conclude that f has an absolute minimum at P;.

(This shows that one cannot disregard points at which f has no partials.)]
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9.

10.

11.

12.
13.
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Continuing Problem 8, show that if none of £ Py, P>, and £ P53 is >
27/3, then f attains its least value at some P (inside the triangle) such
that KP1PP2 :KPQPP?, :KP3PP1 :271'/3
[Hint: Verify that D1 f =0 = Daf at P.
Use the law of cosines to show that P; Py, > PPy+ %PPl and P P3 > PP3+ %PPl.
Adding, obtain Py P3 + P1 P> > PPy + PP> + PPs, i.e., f(P1) > f(P). Similarly,
f(P2) > f(P) and f(P3) > f(P).
Combining with Problem 8, obtain the result.]

In a circle of radius R inscribe a polygon with n + 1 sides of maximum
area.

[Outline: Let z1,z2,...,2Tn4+1 be the central angles subtended by the sides of the

polygon. Then its area A is
n+1

1
—R? sin x,

with @41 =27 — >3 k. (Why?) Thus all reduces to maximizing

n n
flxi,...,zn) = Z sinxy, + sin(27r - Z ack),
k=1 k=1
on the condition that 0 <z and > ;'_; xx < 27. (Why?)
These inequalities define a bounded set D C E™ (called a simplex). Equating all
partials of f to 0, show that the only critical point interior to D is £ = (21,... ,Tn),

with zp = nQ—L, k < n (implying that xp4+1 = nQ—L, too). For that Z, we get

f(@) = (n+1)sin]27/(n + 1)].

This value must be compared with the “boundary” values of f, on the “faces” of the
simplex D (see Note 4).

Do this by induction. For n = 2, Problem 6 shows that f(Z) is indeed the largest
when all x equal n2—«:1 Now let D,, be the “face” of D, where x,, = 0. On that face,
treat f as a function of only n — 1 variables, z1,... ,zp_1.

By the inductive hypothesis, the largest value of f on Dy, is nsin(27/n). Similarly
for the other “faces.” As mnsin(2w/n) < (n 4+ 1)sin27/(n+ 1), the induction is
complete.

Thus, the area A is the largest when the polygon is regular, for which

1']

1 2
A= ZR?*(n+1)sin
5 ( ) si -y

Among all triangles of a prescribed perimeter 2p, find the one of maxi-
mumnl area.
[Hint: Maximize p(p — z)(p — y)(p — 2) on the condition that z + y 4+ z = 2p.]

Among all triangles of area A, find the one of smallest perimeter.

Find the shortest distance from a given point p' € E™ to a given plane
@ - & = ¢ (Chapter 3, §§4-6). Answer:
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[Hint: First do it in E3, writing (z,y, 2) for #.]

§10. More on Implicit Differentiation. Conditional Extrema

I. Implicit differentiation was sketched in §7. Under suitable assumptions
(Theorem 4 in §7), one can differentiate a given system of equations,

(1) gk<x17"'7$n7y17---7ym):O, k:1,2,...,n,
treating the z; as implicit functions of the y; without seeking an explicit solu-
tion of the form

l’j:Hj(yl,... ,ym) a
Lj
yi

This yields a new system of equations from which the partials D;H; =
can be found directly.

We now supplement Theorem 4 in §7 (review it!) by showing that this new
system is linear in the partials involved and that its determinant is # 0. Thus
in general, it is simpler to solve than (1).

As in Part IV of §7, we set
(f7y—)) = (xlv"' y Ly Y1y - - e 7ym) and g = (glv"' 7gn)a
replacing the f of §7 by g. Then equations (1) simplify to

—

(2) 9(%,9) = 0,
where g: E"T™ — E™ (or g: C"T™ — C™).

Theorem 1 (implicit differentiation). Adopt all assumptions of Theorem 4 in
87, replacing f by g and setting H = (Hy,... ,H,),

Digi(p,q) = ajr, j<n+m, k<n.

Then for each i =1,... ,m, we have n linear equations,
n
(3) > ajxDiH(]) = —antik, k<mn,
j=1
with

det(a;x) #0, (j,k <n),
that uniquely determine the partials D;H;(q) for j =1,2,... ,n

Proof. As usual, extend the map H: () — P of Theorem 4 in §7 to H: E™ —
E™ (or C™ — C™) by setting H =0 on —Q.
Also, define o: E™ — E™T™ (C™ — C™t™) by

4)  o(y) = (H@),¥) = (HL(H); - s Ho(§):y15- - s ym), G € ET(C™).
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Then o is differentiable at ¢ € @, as are its n + m components. (Why?)
Since ¥ = H(Y) is a solution of (2), equations (1) and (2) become identities
when & is replaced by H(y). Also, 0(q) = (H(q),q) = (P, q) since H(q) = p.
Moreover,

9(o() = g(H(y),4) = 0 for j € Q;

ie., goazﬁon Q.

Now, by assumption, g € CD' at (p,q); so the chain rule (Theorem 2 in
§4) applies, with f, p, ¢, n, and m replaced by o, ¢, (p,q), m, and n + m,
respectively.

Ash=goo =0on Q, an open set, the partials of h vanish on Q. So by
Theorem 2 of §4, writing o; for the jth component of o,

n+m

() 0= > Djg(p,q)- Dioj(@), i<m.
j=1
By (4), 0j = H; if j <n, and 0;(y) = y; if j = n+ 4. Thus D,;o; = D;H;,
J < n; but for j > n, we have D;o; = 1if j =n +1, and D;o; = 0 otherwise.
Hence by (5),

0=> _Dig(p.q)  DiH;(q) + Dnyig(B, ), i=1,2,...,m.
j=1

As g = (g1,...,9n), each of these vector equations splits into n scalar ones:

(6) 0=> Digr(F,q) - DiH;(Q) + Dnyige(7,@), i<m, k<n.
j=1
With D;gx(p, §) = aji, this yields (3), where det(a;,) = det(D;gx(P,q)) # 0,
by hypothesis (see Theorem 4 in §7).
Thus all is proved. [

Note 1. By continuity (Note 1 in §6), we have det(D,gx(Z,¥)) # 0 for all
(Z,9) in a sufficiently small neighborhood of (7, ¢). Thus Theorem 1 holds also

—

with (p, q) replaced by such (Z,7y). In practice, one does not have to memorize
(3), but one obtains it by implicitly differentiating equations (1).

II. We shall now apply Theorem 1 to the theory of conditional extrema.
Definition 1.

We say that f: E"*™ — E! has alocal conditional maximum (minimum)
at p€ ", with constraints

g:<gl7"'agn>:6
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(g : Em*™ — E™) iff in some neighborhood G of p we have
Af = f(Z) = f(p) <0 (>0, respectively)
for all ¥ € G for which g(¥) = 0.

In §9 (Example (B) and Problems), we found such conditional extrema by
using the constraint equations ¢ = 0 to eliminate some variables and thus
reduce all to finding the unconditional extrema of a function of fewer (inde-
pendent) variables.

Often, however, such elimination is cumbersome since it involves solving a
system (1) of possibly nonlinear equations. It is here that implicit differentia-
tion (based on Theorem 1) is useful.

Lagrange invented a method (known as that of multipliers) for finding the
critical points at which such extrema may exist; to wit, we have the following;:
Given f: E"t™ — Bl set

(7) F=f+) crgr
k=1

where the constants ci are to be determined and g; are as above.

Then find the partials D;F (j < n + m) and solve the system of 2n + m
equations

(8) D;F(Z)=0, j<n+m, and gi(Z)=0, k<mn,

for the 2n + m “unknowns” z; (j < n+m) and ¢; (k < n), the ¢, originating
from (7).

Any Z satisfying (8), with the ¢j so determined is a critical point (still to be
tested). The method is based on Theorem 2 below, where we again write (p, ¢)
for p'and (Z,¢) for Z (we call it “double notation”).

Theorem 2 (Lagrange multipliers). Suppose f: E"t™ — E! is differen-
tiable at

(ﬁaq_j - (p17"' yPnyq1, .- 7Q7TL)

and has a local extremum at (p,q) subject to the constraints

g = (gl7"' 7g71):67
with g as in Theorem 1, g: E"*™ — E™. Then

(9) chngk(ﬁq_.):_Djf(ﬁ;(j% ]:1727 7n+mal
k=1

for certain multipliers cx (determined by the first n equations in (9)).

! That is, D; F(p,q) = 0, with F as in (7).
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Proof. These n equations admit a unique solution for the ci, as they are
linear, and

det(D;gr(7,q) #0 (4, k <n)

by hypothesis. With the ¢, so determined, (9) holds for 7 < n. It remains to
prove (9) forn < j <n+m.
Now, since f has a conditional extremum at (p,7) as stated, we have

for all (Z,9) € P x Q with g(Z,9) = 0, provided we make the neighborhood
P x @ small enough.

— —

Define H and o as in the previous proof (see (4)); so & = H(Y) is equivalent
to g(@, ) = 0 for (Z,7) € P x Q.
Then, for all such (Z,7), with @ = H (%), we surely have g(Z, /) = 0 and also

f(@,9) = fH(G),§) = f(o(7)).
Set h = foo, h: E™ — E'. Then (10) reduces to
h(y) —h(q) <0 (or >0) forall ¥y€ Q.

This means that h has an unconditional extremum at ¢, an interior point of
. Thus, by Theorem 1 in §9,

Dih(§) =0, i=1,...,m.

Hence, applying the chain rule (Theorem 2 of §4) to h = f o o, we get, much
as in the previous proof,

n+m
0= D;f(F,q)Dioy()
(11) =

=Y Dif(,@)DiH;(q) + Dpsi f(5, D), i < m.
j=1

(Verify!)

Next, as g by hypothesis satisfies Theorem 1, we get equations (3) or equiv-
alently (6). Multiplying (6) by cx, adding and combining with (11), we obtain

n

SO @D+ Y crDigr(B, @) DiH; (@)

j=1 k=1

+Dn+if(ﬁ7®+ZCan+igk<ﬁ7® :07 t < m.
k=1
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(Verify!) But the square-bracketed expression is 0; for we chose the ¢ so as to
satisfy (9) for j < n. Thus all simplifies to

n
> kDnyigr(P,@) = —Duyi f(3,@), 1=1,2,...,m
k=1

Hence (9) holds for n < j < n + m, too, and all is proved. [

Remarks. Lagrange’s method has the advantage that all variables (the zj
and y;) are treated equally, without singling out the dependent ones. Thus in
applications, one uses only F, i.e., f and g (not H).

One can also write & = (z1,... ,Zptm) for (Z,9) = (z1,... T, Y1, , Ym)
(the “double” notation was good for the proof only).

On the other hand, one still must solve equations (8).

Theorem 2 yields only a necessary condition (9) for extrema with constraints.
There also are various sufficient conditions, but mostly one uses geometric and
other considerations instead (as we did in §9). Therefore, we limit ourselves to
one proposition (using “single” notation this time).

Theorem 3 (sufficient conditions). Let

F=f+) crgr
k=1
with f: E™™ — Bl g: E"t™ — E™ and ¢, as in Theorem 2.
Then f has a maximum (minimum) at P = (p1,... ,Pntm) (with constraints

g=1(g1,... ,gn) = 0) whenever F does. (A fortiori, this is the case if F has
an unconditional eztremum at p.)

Proof. Suppose F has a maximum at , with constraints ¢ = 0. Then

0> F(@) —F(@p) =f& j‘f’Z@c 9k(Z) — gx(P)]

—

for those & near p’ (including Z = p) for which ¢(&) = 0.
But for such Z, gx(Z) = gx(p) = 0, ¢k [gx(Z) — gx(P)] = 0, and so

0= F(Z) - F(p) = [(Z) - f(D)-

Hence f has a maximum at p, with constraints as stated.
Similarly, AF' = Af in case F' has a conditional minimum at p. O

Example 1.

Find the local extrema of

fry,z,t) = +y+z+t
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on the condition that
g(x,y, z,t) = xyzt —a* =0,

with @ > 0 and z,y,z,t > 0. (Note that inequalities do not count as
“constraints” in the sense of Theorems 2 and 3.) Here one can simply
eliminate t = a/(xyz), but it is still easier to use Lagrange’s method.

Set F(z,y,2,t) = 2 +y + 2z +t+ ceyzt. (We drop a* since it will
anyway disappear in differentiation.) Equations (8) then read

O=1+cyzt =1+cxzt =14 cxyt =1+ cryz, xyzt—a4:().

S x=y=z2=t=a.

Solving for x, z,t and ¢, we get ¢ = —a~
Thus F(z,y,z,t) = v +y+ 2+t —xyzt/a®, and the only critical point
is p = (a,a,a,a). (Verify!)
By Theorem 3, one can now explore the sign of F(Z) — F(p), where
T = (v,9,2,t). For ¥ near p, it agrees with the sign of d*F(p, ). (See
proof of Theorem 2 in §9.) We shall do it below, using yet another device,
to be explained now.

Elimination of dependent differentials. If all partials of F' vanish at p’
(e.g., if p'satisfies (9)), then d'F(p, -) = 0 on E"™™ (briefly dF = 0).

Conversely, if d' f(p, -) = 0 on a globe G, for some function f on n inde-
pendent variables, then

Dif(®) =0, k=1,2,... n,

since d! f(p, -) (a polynomial!) vanishes at infinitely many points if its coeffi-
cients Dy f(p) vanish. (The latter fails, however, if the variables are interde-
pendent.)

Thus, instead of working with the partials, one can equate to 0 the differen-
tial dF or df. Using the “variable” notation and the invariance of df (Note 4
in §4), one then writes dx, dy, ... for the “differentials” of dependent and inde-
pendent variables alike, and tries to eliminate the differentials of the dependent
variables. We now redo Example 1 using this method.

Example 2.

With f and g as in Example 1, we treat ¢t as the dependent variable,
i.e., an implicit function of z,y, z,

t=a/(zyz) = H(x,y, 2),
and differentiate the identity zyzt — a* = 0 to obtain

0 =yztdr + z2tdy + xyt dz + xyz dt;
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(12)

SO
ar=—1(% 4 W 0y

T Y z

Substituting this value of dt in df = dz+dy-+dz+dt = 0 (the equation
for critical points), we eliminate dt and find:

(1—3%m+(1—§yw+(1—£yuzo.

xT

As x,y, z are independent variables, this identity implies that the co-
efficients of dx, dy, and dz must vanish, as pointed out above. Thus

T B B Y
x Y z
Hence r =y = z =t = a. (Why?) Thus again, the only critical point is
P=(a,a,a,a).
Now, returning to Lagrange’s method, we use formula (5) in §5 to
compute

2
d*F = —Z(dx dy + dx dz + dz dt + dx dt + dy dz + dy dt).
a

(Verify!)

We shall show that this expression is sign-constant (if zyzt = a*), near
the critical point p. Indeed, setting x = y = 2 = ¢t = a in (12), we get
dt = —(dz + dy + dz), and (13) turns into

2
[da dy + dz dz + dy dz — (dx + dy + dz)?]

o
1

= = [da® + dy* 4+ dz* + (dz + dy + dz)*| = &°F.
a

This expression is > 0 (for dx, dy, and dz are not all 0). Thus f has
a local conditional minimum at p'= (a,a,a,a).
Caution; here we cannot infer that f(p) is the least value of f under

the imposed conditions: x,y,z > 0 and zyzt = a*.

The simplification due to the Cauchy invariant rule (Note 4 in §4)
makes the use of the “variable” notation attractive, though caution is
mandatory.

Note 2. When using Theorem 2, it suffices to ascertain that some n equa-
tions from (9) admit a solution for the ¢y; for then, renumbering the equations,
one can achieve that these become the first n equations, as was assumed. This
means that the n x (n + m) matrix (D;gx(p,¢)) must be of rank n, i.e., con-
tains an n X n-submatriz (obtained by deleting some columns), with a nonzero
determinant.
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In the Problems we often use 7, s,t,... for Lagrange multipliers.

Further Problems on Maxima and Minima

1. Fill in all details in Examples 1 and 2 and the proofs of all theorems in
this section.

2. Redo Example (B) in §9 by Lagrange’s method.

[Hint: Set F(z,y,2) = f(z,y,2) — r(@® + 3> + 2?), g(z,y,2) = 2? +y? + 22 — 1
Compare the values of f at all critical points.?

3. An ellipsoid

1'2 y2 22

Sttt =1

is cut by a plane uz + vy + wz = 0. Find the semiaxes of the section-
ellipse, i.e., the extrema of

p* = [f(z,y,2)]* =2 +y* + 2°

under the constraints ¢ = (g1, g2) = 0, where

22 2 z2
g1(x,y, 2) = uxr + vy + wz and ga(v,y,2) = — + 2 + — —1.

Assume that a > b > ¢ > 0 and that not all u,v,w = 0.

[Outline: By Note 2, explore the rank of the matrix

(14) (qya2 y/b? 2/02>'

u v z

(Why this particular matrix?)

Seeking a contradiction, suppose all its 2 X 2 determinants vanish at all points of
the section-ellipse. Then the upper and lower entries in (14) are proportional (why?);
so x2/a? 4+ y2/b% + 22 /c? = 0 (a contradiction!).

Next, set

2 2 2

xr 4
F(z,y,2) =w2+y2+z2+r(—2 +2 4 —) + 2s(ux + vy + wz).
a b2 2

Equate dF to 0O:
re Y rz

(15) v+ —+su=0, y+-5+sv=0 z+ 5 +sw=0.
a b2 c?

Multiplying by , ¥, z, respectively, adding, and combining with g = 0, obtain r =
_p2; SO, by (15)7 for aabvc 7£ P>

—sua? —svb? —swc?

TTe_p YT e fTa_ 2

Find s, z,y, z, then compare the p-values at critical points.]

2 This suffices here, since the equation g = 0 defines a compact set S; see §9.
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4. Find the least and the largest values of the quadratic form
n
f(&) = Z aikTiTe (@i = ki)
i k=1
on the condition that g(Z) = |Z|> =1 =0 (f,g: E™ — E').
[Outline: Let F (%) = f(Z) — t(:c% + 23+ ...+ 22). Equating dF to 0, obtain
(@11 —t)x1 +ar2x2 + ...+ aipxn =0,
(16) a1 x1 + (ag2 —t) x2 + ... + agn xn = 0,

an1 @1 +an222 + ...+ (ann —t) zp = 0.

Using Theorem 1(iv) in §6, derive the so-called characteristic equation of f,

a1 —t a2 ... a1n
a21 a2 —t ... aon -
(17) =0,
an1 a2n, e OGpnp —t

95

of degree n in t. If t is one of its n roots (known to be real®), then equations (16)

admit a nonzero solution for £ = (x1,... ,zn); by replacing & by &/|Z| if necessary,
¥ satisfies also the constraint equation g(#) = |Z|? — 1 = 0. (Explain!) Thus each
root ¢ of (17) yields a critical point & = (z1,... ,Zn).

Now, to find f(&¢), multiply the kth equation in (16) by zx, k = 1,... ,n, and
add to get

n n
0= Z A TiTp —t Z :Cz = f(Z) —t.
ik=1 k=1

Hence f(&:) =t.

Thus the values of f at the critical points &; are simply the roots of (17). The
largest (smallest) root is also the largest (least) value of f on S = {¥ € E" | |Z| = 1}.

(Explain!)]

5. Use the method of Problem 4 to find the semiaxes of

(i) the quadric curve in E?, centered at 0, given by ZZQ g QikTiTh =

1; and
ii) the quadric surface S°°, . aipz;xs = 1 in E3, centered at 0.
q i,k=1

Assume a;, = ag;.
[Hint: Explore the extrema of f(#) = |Z|? on the condition that

g(a_c') = Zaikxixk —1= 0.]
i,k

6. Using Lagrange’s method, redo Problems 4, 5, 6, 7, 11, 12, and 13 of §9.
7. In E?, find the shortest distance from 0 to the parabola y? = 2(x + a).

3 See S. Perlis, Theory of Matrices, Reading, Mass., 1952, Theorem 9-25.
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In E3, find the shortest distance from 0 to the intersection line of two
planes given by the formulas @- ¥ = a and - ¥ = b with @ and v different
from 0. (Rewrite all in coordinate form!)

In E™, find the largest value of |@- Z] if |#] = 1. Use Lagrange’s method.
(Hadamard’s theorem.) If A = det(x;x) (i, k < n), then

n
=1

where fl = (I‘il, Ti2y oo ,xm).
[Hints: Set a; = |Z;|. Treat A as a function of n? variables. Using Lagrange’s method,

prove that, under the n constraints |Z;|? —a? = 0, A cannot have an extremum unless
A? = det(y;1), with y;;, = 0 (if ¢ # k) and y;; = a?.]



Chapter 7
Volume and Measure

Our intuitive idea of “volume” is rather vague. We just tend to assume that
“bodies” in space (i.e., in £3) somehow have numerically expressed “volumes,”
but it remains unclear which sets in E? are “bodies” and how volume is defined.

We also intuitively assume that volumes behave “additively.” That is, if a
body is split into disjoint parts, then the volume of the whole equals the sum of
the volumes of the parts. Similarly for “areas” in E?. In elementary calculus,
that is often just taken for granted.

The famous mathematician Henri Lebesgue (1875-1941) extended the idea
of “volume” to a large, strictly defined family of sets in E", called Lebesque-
measurable sets, thus giving rise to what is called measure theory. Its basic idea
remains that of additivity, precisely formulated and proved. Modern theory has
still more generalized these ideas. In this text, we have so far defined “volumes”
for intervals in E™ only. Thus it is natural to take intervals as our starting point.
This will also lead to the important idea of a semiring of sets and its extension:
a ring of sets.

§1. More on Intervals in E™. Semirings of Sets

I. As a prologue, we turn to intervals in E™ (Chapter 3, §7).
Theorem 1. If A and B are intervals in E™, then

(i) AN B is an interval (0 counts as an interval);
(ii) A — B is the union of finitely many disjoint intervals (but need not be an

interval itself).

Proof. The easy proof for E! is left to the reader.
An interval in E? is the cross-product of two line intervals.
Let
A=XxY and B=X'xY’,

where X, Y, X', and Y’ are intervals in E'. Then (see Figure 29)
ANB=(XxY)N(X'xY)=(XNX')x (Y NY')
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and
A-B=[(X-X)xYJU[(XNX")x (Y -Y");
see Problem 8 in Chapter 1, §§1-3. X7 B
As the theorem holds in E*, T
XNX and Y NY' Ty
ANB Yyny’
are intervals in E', while
1 T
X—-Y andY -Y’ ! v Ly
X - X" !
are finite unions of disjoint line intervals. L xnx $
(In Figure 29 they are just intervals, but A X
FIGURE 29

in general they are not.)

It easily follows that AN B is an interval in E?, while A — B splits into
finitely many such intervals. (Verify!) Thus the theorem holds in E2.

Finally, for E™, use induction. An interval in E" is the cross-product of an
interval in £E"~! by a line interval. Thus if the theorem holds in E™~!, the
same argument shows that it holds in E", too. (Verify!)

This completes the inductive proof. [

Actually, Theorem 1 applies to many other families of sets (not necessarily
intervals or sets in E™). We now give such families a name.

Definition 1.
A family C of arbitrary sets is called a semiring iff
(i) € C (0 is a member), and

(ii) for any sets A and B from C, we have AN B € C, while A — B is the
union of finitely many disjoint sets from C.

Briefly: C is a semiring iff it satisfies Theorem 1.

Note that here C is not just a set, but a whole family of sets. Recall (Chap-
ter 1, §§1-3) that a set family (family of sets) is a set M whose members are
other sets. If A is a member of M, we call A an M-set and write A € M (not

AC M),
Sometimes we use index notation:
briefly
M ={X;},

where the X; are M-sets distinguished from each other by the subscripts ¢
varying over some index set I.
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A set family M = {X;} and its union
Ux
i
are said to be disjoint iff

X; N X, = 0 whenever i # j.

Notation:
U X; (disjoint).

In our case, A € C means that A is a C-set (a member of the semiring C).
The formula

(VA,BeC) AnBeC

means that the intersection of two C-sets in a C-set itself.

Henceforth, we will often speak of semirings C in general. In particular, this
will apply to the case C = {intervals}. Always keep this case in mind!

Note 1. By Theorem 1, the intervals in E™ form a semiring. So also do
the half-open and the half-closed intervals separately (same proof!), but not
the open (or closed) ones. (Why?)

Caution. The union and difference of two C-sets need not be a C-set. To
remedy this, we now enlarge C.

Definition 2.
We say that a set A (from C or not) is C-simple and write

Aec.

iff A is a finite union of disjoint C-sets (such as A — B in Theorem 1).

Thus C., is the family of all C-simple sets.
Every C-set is also a Cl-set, i.e., a C- ]
simple one. (Why?) Briefly:
CCC..

If C is the set of all intervals, a C-simple
set may look as in Figure 30. FIGURE 30

Theorem 2. IfC is a semiring, and if A and B are C-simple, so also are
ANB, A— B, and AUB.
In symbols,

(VA,Be(C) AnBeC(C.,, A-BeC., and AUB€eC..
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We give a proof outline and suggest the proof as an exercise. Before at-

tempting it, the reader should thoroughly review the laws and problems of
Chapter 1, §51-3.

(1) To prove AN B € C., let

A= U A; (disjoint) and B = U By, (disjoint),
i=1 k=1

with A;, By € C. Verify that

»-UU

(A; N By) (disjoint),

HC}

and so AN B € C..
(2) Next prove that A— B e C if A€ C. and B € C.
Indeed, if

A= U A; (disjoint),
i=1

then

m m

Verify and use Definition 2.
(3) Prove that
(VA,Be(C)) A-BeCl;

we suggest the following argument.
Let

B=|JB: BreC.
k=1
Then
A-B=A-|JB:= ﬂ (A — By)
k=1 k=1
by duality laws. But A — By, is C-simple by step (2). Hence so is

m

(A — By)
k=1

by step (1) plus induction.
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(4) To prove AU B € C., verify that
AUB=AU(B—-A),
where B — A € C., by (3).
Note 2. By induction, Theorem 2 extends to any finite number of C’-sets.

It is a kind of “closure law.”

We thus briefly say that C. is closed under finite unions, intersections, and
set differences. Any (nonempty) set family with these properties is called a set
ring (see also §3).

Thus Theorem 2 states that if C is a semiring, then C. is a ring.

Caution. An infinite union of C-simple sets need not be C-simple. Yet we
may consider such unions, as we do next.

In Corollary 1 below, C. may be replaced by any set ring M.

Corollary 1. If {A,} is a finite or infinite sequence of sets from a semiring

C (or from a ring M such as C.), then there is a disjoint sequence of C-simple
sets (or M-sets) B,, C A,, such that

4. =JB..
Proof. Let By = A; and forn=1,2,...

Bn+l - n+1 U Aka Ak eC.
k=1

By Theorem 2, the B,, are C-simple (as are A, 41 and |J,_, Ax). Show that
they are disjoint (assume the opposite and find a contradiction) and verify that
UA, = UBn: If z € |JA,, take the least n for which z € A,,. Then n > 1
and

fL‘EAn—UAk:Bn,
e

orn=1landz € Ay = B;. [
Note 3. In Corollary 1, B, € C, i.e., B, = U:Z"l C.; for some disjoint sets

Cni € C. Thus
UM—UU%

n =1

is also a countable disjoint union of C-sets.

IT. Recall that the volume of intervals is additive (Problem 9 in Chapter 3,
§7). That is, if A € C is split into finitely many disjoint subintervals, then vA
(the volume of A) equals the sum of the volumes of the parts.



102 Chapter 7. Volume and Measure

We shall need the following lemma.

Lemma 1. Let X1, Xo,... ,X,, € C (intervals in E™). If the X; are mutually
disjoint, then

) U X; CY €C implies Zin <wY; and

i=1 i=1
m p m p
U U (with Yy € C) implies ZUXZ' < Zva.
i=1 k=1 i=1 k=1
Proof. (i) By Theorem 2, the set
Yy - JXi
i=1

is C-simple; so

for some disjoint intervals C;. Hence
Y = UXi U U C; (all disjoint).

Thus by additivity,

m q

szZUX¢+ZUCj > ZUXia

i=1 j=1 i=1

as claimed.
(ii) By set theory (Problem 9 in Chapter 1, §§1-3),

P
c v
k=1
implies

p P
&:&mUm:UXﬂm
k=1 k=1

If it happens that the Y are mutually disjoint also, so certainly are the
smaller intervals X; N Yyx; so by additivity,

UXZ' U(XZﬂYk)

I
el
f Mﬁ
)
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Hence
m m p p m
>ouxi= YD i) = Y[ Suxin i)
=1 =1 k=1 k=1"%i=1
But by (i),
Z v(X; NYy) < oYy (why?);
=1
SO

Em:in < i vYk,
; k=1

as required.
If, however, the Y} are not disjoint, Corollary 1 yields

UYk = UBk (disjoint),

with
mg
Yi 2 B = | G (disjoint), Ci; € C.
j=1
By (i),
mp
Zkaj < vY:.
j=1
As
m p p P mg
U Xi g U Yk == U Bk == U U ij (disjoint),
i=1 k=1 k=1 k=1j=1

all reduces to the previous disjoint case. [J
Corollary 2. Let A € C. (C = intervals in E™). If

P
A= UX (disjoint) = U (disjoint)

=1

with X;,Y € C, then

(Use part (ii) of the lemma twice.)
Thus we can (and do) unambiguously define vA to be either of these sums.
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Problems on Intervals and Semirings

. Complete the proof of Theorem 1 and Note 1.
1.

Prove Theorem 2 in detail.
Fill in the details in the proof of Corollary 1.
Prove Corollary 2.

Show that, in the definition of a semiring, the condition () € C is equiv-
alent to C # ().
[Hint: Consider 0 = A— A =J2; A; (A, A; €C) to get 0 = A; € C]

Given a set S, show that the following are semirings or rings.
(a) C = {all subsets of S };
(b) C = {all finite subsets of S };
() C={0};
(d) € ={0 and all singletons in S }.
Disprove it for C = { ) and all two-point sets in S}, S ={1,2,3,...}.
In (a)—(c), show that C. = C. Disprove it for (d).
Show that the cubes in E™ (n > 1) do not form a semiring.

Using Corollary 2 and the definition thereafter, show that volume is
additive for C-simple sets. That is,

if A= U A; (disjoint) then vA = Z vA; (A A; €C)).
i=1 =1
Prove the lemma for C-simple sets.

[Hint: Use Problem 6 and argue as before.]

Prove that if C is a semiring, then C. (C-simple sets) = Cs, the family of
all finite unions of C-sets (disjoint or not).
[Hint: Use Theorem 2.]

§2. C,-Sets. Countable Additivity. Permutable Series

We now want to further extend the definition of volume by considering count-
able unions of intervals, called C,-sets (C being the semiring of all intervals
in E™).

We also ask, if A is split into countably many such sets, does additivity still
hold? This is called countable additivity or o-additivity (the o is used whenever
countable unions are involved).

We need two lemmas in addition to that of §1.
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Lemma 1. If B is a nonempty interval in E™, then given € > 0, there is an
open interval C and a closed one A such that

ACBCC

and
vC —e < vB <vA+e.

Proof. Let the endpoints of B be
a=(ay,...,a,) and b= (by,... ,b,).

For each natural number 7, consider the open interval C;, with endpoints
1 1 1

1 1 1
(al——,,ag——_,...,an——_) and (bl—l——,,62+—,,...,bn+—_).
i i i i i i

Then B C C; and
- 1 1 2
vC; = H[bk—i-z— <ak—;>} = H(bk—ak%—;).
k=1 k=1
Making ¢ — oo, we get

lim vC; = [ [ (bx — ax) = vB.

1— 00
k=1

(Why?) Hence by the sequential limit definition, given £ > 0, there is a natural
7 such that
vC; —vB < &,

or
v(C; — e < vB.

As C; is open and O B, it is the desired interval C.
Similarly, one finds the closed interval A C B. (Verify!) O

Lemma 2. Any open set G C E™ is a countable union of open cubes Ay and
also a disjoint countable union of half-open intervals.
(See also Problem 2 below.)
Proof. If G = 0, take all A = 0.
If G # (0, every point p € G has a cubic neighborhood
¢, Ca,

centered at p (Problem 3 in Chapter 3, §12). By slightly shrinking this Cp,
one can make its endpoints rational, with p still in it (but not necessarily its
center), and make C), open, half-open, or closed, as desired. (Explain!)



106 Chapter 7. Volume and Measure

Choose such a cube C,, for every p € G; so

¢c o,

peG

But by construction, G' contains all C), so that

G=JC

peG

Moreover, because the coordinates of the endpoints of all C), are rational,
the set of ordered pairs of endpoints of the C), is countable, and thus, while the
set of all p € G is uncountable, the set of distinct C) is countable. Thus one
can put the family of all C) in a sequence and rename it {Ay}:

G = D Ag.
k=1

If, further, the Ay are half-open, we can use Corollary 1 and Note 3, both
from §1, to make the union disjoint (half-open intervals form a semiring!). [

Now let C, be the family of all possible countable unions of intervals in £,
such as G in Lemma 2 (we use C, for all finite unions). Thus A € C, means

that A is a C,-set, i.e.,
oo
A={]J4
i=1

for some sequence of intervals {A4;}. Such are all open sets in E™, but there
also are many other C,-sets.

We can always make the sequence {4;} infinite (add null sets or repeat a
term!).

By Corollary 1 and Note 3 of §1, we can decompose any C,-set A into count-
ably many disjoint intervals. This can be done in many ways. However, we
have the following result.

Theorem 1. If

A= U A; (disjoint) = U By, (disjoint)
i=1 k=1
for some intervals A;, Bx in E™, then

oo oo

ZUAZ' = Zka.l

=1 k=1

I Recall that a positive series always has a (possibly infinite) sum.
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Thus we can (and do) unambiguously define either of these sums to be the
volume vA of the C,-set A.

Proof. We shall use the Heine-Borel theorem (Problem 10 in Chapter 4, §6;
review it!).
Seeking a contradiction, let (say)

[ @] o0
Z vA; > Z UBk,
’L:1 k‘:].
so, in particular,
[ ]
Z vBE < 4o0.
k=1
As
o0 m
Soa= tm 3o,
i=1 i=1
there is an integer m for which
m o0
Z vA; > Z vBy,
=1 k=1

We fix that m and set

2e = i’l}flZ — ika > 0.
=1 k=1

Dropping “empties” (if any), we assume A; # () and By # 0.
Then Lemma 1 yields open intervals Yy O By, with

€
vBy, >UY"3_2_I<7 k=1,2,...,
and closed ones X; C A;, with
vX; + £ > vA;;
m

SO

2e = Zm:vAz — ifuBk < i(sz + —) — i(@Yk — ik)
i=1 k=1 i=1 k=1 2
= Z’UXz — ZUYk + 2¢
=1 k=1
Thus
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(Explain in detail!)
Now, as
XicAcAa=JBrc Y,
k=1 k=1

each of the closed intervals X; is covered by the open sets Y.
By the Heine-Borel theorem, | J;, X; is already covered by a finite number

of the Yy, say,
m P
Uxic v
i=1 k=1

The X; are disjoint, for even the larger sets A; are. Thus by Lemma 1(ii) in §1,

Zm:in < iva < iva,
i=1 k=1 k=1
contrary to (1). This contradiction completes the proof. [
Corollary 1. If
A= [j By (disjoint)
k=1

for some intervals By, then
vA = Z UBk.
k=1

Indeed, this is simply the definition of vA contained in Theorem 1.

Note 1. In particular, Corollary 1 holds if A is an interval itself. We express
this by saying that the volume of intervals is o-additive or countably additive.
This also shows that our previous definition of volume (for intervals) agrees
with the definition contained in Theorem 1 (for C,-sets).

Note 2. As all open sets are C,-sets (Lemma 2), volume is now defined for
any open set A C E™ (in particular, for A = E™).

Corollary 2. If A;, B are intervals in E™, with

G A; © G B,
i=1 k=1

then provided the A; are mutually disjoint,

o0

2) S od, <Y uB
k=1

i=1
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The proof is as in Theorem 1 (but the By, need not be disjoint here).
Corollary 3 (“o-subadditivity”? of the volume). If

AC [j Bk,
k=1

where A € C, and the By are intervals in E™, then

vA < i vBy.
k=1

Proof. Set -
A= U A; (disjoint), A; € C,

i=1
and use Corollary 2. [J
Corollary 4 (“monotonicity”?). If A, B € C,, with
A C B,

then
vA <wvB.

(“Larger sets have larger volumes.” )
This is simply Corollary 3, with J, By = B.
Corollary 5. The volume of all of E™ is oo (we write oo for 4+00).
Proof. We have A C E™ for any interval A.
Thus, by Corollary 4, vA < vE™.
As vA can be chosen arbitrarily large, v E™ must be infinite. [J
Corollary 6. For any countable set A C E™, vA = 0. In particular, vl) = 0.

Proof. First let A = {a} be a singleton. Then we may treat A as a degenerate
interval [a,a]. As all its edge lengths are 0, we have vA = 0.

Next, if A = {ay,as,...} is a countable set, then
A= Nar};
k

SO

vA = Zv{dk} =0
k
by Corollary 1.

2 This notion is treated in more detail in §5.
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Finally, () is the degenerate open interval (a,a); so v = 0. O

Note 3. Actually, all these propositions hold also if all sets involved are
Co-sets, not just intervals (split each C,-set into disjoint intervals!).

Permutable Series. Since o-additivity involves countable sums, it appears
useful to generalize the notion of a series.

We say that a series of constants,

E ana

is permutable iff it has a definite (possibly infinite) sum obeying the general
commutative law:

Given any one—one map

onto
u: N «— N

(N = the naturals), we have
D=

where u, = u(n).
(Such are all positive and all absolutely convergent series in a complete space
E; see Chapter 4, §13.) If the series is permutable, the sum does not depend

on the choice of the map wu.

Thus, given any u: N &3 J (where J is a countable index set) and a set

(where E is E* or a normed space), we can define

[e%e)
E a; = E au"
n=1

ieJ
if >, Qu, is permutable.

In particular, if
J=NxN

(a countable set, by Theorem 1 in Chapter 1, §9), we call
> ai
ieJ

a double series, denoted by symbols like

> apn (k,n€N).
n,k
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Note that

> ail

ieJ

is always defined (being a positive series).

If
Z la;| < o0,

ieJ
we say that > .,
For a positive series, we obtain the following result.

a; converges absolutely.

Theorem 2.

(i) All positive series in E* are permutable.
(ii) For positive double series in E*, we have

(3) i Ak = i (:’1 Clnk) = i(i ank>.

n,k=1 n=1 k=1 *n=1

Proof. (i) Let

(@) m
5 = Zan and s, = Zan (an, >0).
n=1 n=1

Then clearly

Sm+1 = Sm + Am+41 Z Sm;
i.e., {sm}1, and so
s = lim s,, =supsm,

m—00 m

by Theorem 3 in Chapter 3, §15.
Hence s certainly does not exceed the lub of all possible sums of the form

where [ is a finite subset of N (the partial sums s, are among them). Thus
0 sy

over all finite sets I C N.

On the other hand, every such ), ; a; is exceeded by, or equals, some s,,.
Hence in (4), the reverse inequality holds, too, and so

s = SupZai.



112

Chapter 7. Volume and Measure

But sup) ;. a; clearly does not depend on any arrangement of the a;.
Therefore, the series ) a,, is permutable, and assertion (i) is proved.

Assertion (ii) follows similarly by considering sums of the form }_,_; a;,

where
equals

I is a finite subset of N x N, and showing that the lub of such sums
each of the three expressions in (3). We leave it to the reader. O

A similar formula holds for absolutely convergent series (see Problems).

Problems on C,-Sets, o-Additivity, and Permutable Series

1.
1.
2.

Note.

Fill in the missing details in the proofs of this section.
Prove Note 3.

Show that every open set A # () in E™ is a countable union of disjoint
half-open cubes.

[Outline: For each natural m, show that E™ is split into such cubes of edge length
2~™ by the hyperplanes

rp=— 1=0,%x1,£2,...; k=1,2,... ,n,
2m
and that the family C,, of such cubes is countable.

For m > 1, let Cpy1,Cma,... be the sequence of those cubes from Cp, (if any)
that lie in A but not in any cube C; with s < m.

As Ais open, x € A iff © € some Cy,;.]

. Prove that any open set A C E'! is a countable union of disjoint (possibly

infinite) open intervals.
[Hint: By Lemma 2, A = J,,(an,bn). If, say, (a1,b1) overlaps with some (am,bm),
replace both by their union. Continue inductively.]

Prove that C, is closed under finite intersections and countable unions.
(i) Find A, B € C, such that A — B ¢ C,.
(ii) Show that C, is not a semiring.

[Hint: Try A = E', B = R (the rationals).]

In the following problems, J is countably infinite, a; € E (E complete).

Z\ai| < 00

iceJ

. Prove that

iff for every € > 0, there is a finite set

FcJ (F#0)
such that
Z |CLZ| <e€
iel

for every finite I C J — F.
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8’.

onto

[Outline: By Theorem 2, fix u: N «— J with
oo
D lail =Y law,|-
ieJ n=1

By Cauchy’s criterion,
o0
Z |a‘un| < o0
n=1

iff

(Ve>0) (Fq) (Vn>m>q) Zlauk|<a.
k=m

Let F' ={u1,... ,uq}. If I is as above,
Bn>m>q) {um,...,un} 21

SO

n
Z|ai| < Z |law, | < €.
k=m

i€l

Prove that if

Z la;| < oo,

ieJ
then for every € > 0, there is a finite F' C J (F # () such that
Su- S
icJ €K

for each finite K D F (K C J).
[Hint: Proceed as in Problem 6, with I = K — F and ¢ so large that

<e

Zai— Zai < 16 and Zai < 1&:]

e i€F 2 1€ F 2
Show that if -

J = U I,, (disjoint),
n=1

then -

Z la;| = Z by, where b,, = Z la;].

icJ n=1 icl,
(Use Problem 8" below.)
Show that

D lasl = S%PZ |ai

ieJ el
over all finite sets F' C J (F # ().
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[Hint: Argue as in Theorem 2.]
9. Show that if ) #£ I C J, then

> lail <> lail
el eJ
[Hint: Use Problem 8’ and Corollary 2 of Chapter 2, §§8-9.]

10. Continuing Problem 8, prove that if

00
Z‘al| = an < 09,
n=1

i€J
then
0
g a; = g ¢, with ¢,, = g a;.
ieJ n=1 i€l

[Outline: By Problem 9,
(Vn) > lail < oo;

icl,

Cn = E a;

i€y

SO

and
[e @)
> en
n=1

converge absolutely.

Fix € and F' as in Problem 7. Choose the largest ¢ € N with
Fnlg#0
(why does it exist?), and fix any n > q. By Problem 7, (Vk < n)

(Vk < n) (3 finite Fj, | J D F, D FNI,)

1
(V finite Hk|lk2Hk2Fk) <5€.

n
doai— D
i€ Hy, k=1

(Explain!) Let

n
K = | Hy;
k=1
SO
n
ch—Zaz <e€
k=1 i€J
and K D F'. By Problem 7,
Zai—Zal <e€
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Deduce
< 2e.

n
D ek =D o
k=1

ieJ

Let n — oo; then ¢ — 0.]

11. (Double series.) Prove that if one of the expressions

f:|ank|a i(gmnﬂ)a i(imnﬂ)

n,k=1 n=1 k=1 “n=1

is finite, so are the other two, and
S = z(zank) . z(zank),
n,k n k k n

with all series involved absolutely convergent.
[Hint: Use Problems 8 and 10, with J = N x N,

I, ={(n,k)eJ|k=1,2,...} for each n;

so
o0 [e @]

bp = E lank| and ¢y, = E Ank-
k=1 k=1

Thus obtain

§ ankZE E Ank-
n,k n k

Similarly,

E ank = § § an,k~]
n,k k n

§3. More on Set Families’

Lebesgue extended his theory far beyond C,-sets. For a deeper insight, we shall
consider set families in more detail, starting with set rings. First, we rephrase
and supplement our former definition of that notion, given in §1.

Definition 1.
A family M of subsets of a set S is a ring or set ring (in S) iff
(i) 0 € M, i.e., the empty set is a member; and

(ii) M is closed under finite unions and differences:

VX, YeM) XUYeMand X —Y € M.

L For a limited approach (see the preface), this topic may be omitted.
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(For intersections, see Theorem 1 below.)
If M is also closed under countable unions, we call it a o-ring (in 5).
Then

DXZ- eM
=1

whenever
X, eMfori=1,2,....

If S itself is a member of a ring (o-ring) M, we call M a set field
(o-field), or a set algebra (o-algebra), in S.

Note that S is only a member of M, S € M, not to be confused with
M itself.

The family of all subsets of S (the so-called power set of S) is denoted by
25 or P(9).
Examples.
(a) In any set S, 2% is a o-field. (Why?)

(b) The family {0}, consisting of () alone, is a o-ring; {0, S} is a o-field in S.
(Why?)

(c) The family of all finite (countable) subsets of S is a ring (o-ring) in S.
(d) For any semiring C, C. is a ring (Theorem 2 in §1). Not so for C,
(Problem 5 in §2).
Theorem 1. Any set ring is closed under finite intersections.
A o-ring is closed under countable intersections.

Proof. Let M be a o-ring (the proof for rings is similar).
Given a sequence {A,} C M, we must show that (), A, € M.

Let
U:UAW

By Definition 1,
UeMandU — A, e M,

as M is closed under these operations. Hence

Jw - 4,) e m

n

and

U—JU-4,) eM,
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or, by duality,
U - (U = An)] € M,

n
ie.,

ﬂAneM. 0

Corollary 1. Any set ring (field, o-ring, o-field) is also a semiring.
Indeed, by Theorem 1 and Definition 1, if M is a ring, then () € M and

(VA,BeM) ANBeMand A— B e M.

Here we may treat A — B as (A — B)U0, a union of two disjoint M-sets. Thus
M has all properties of a semiring.

Similarly for o-rings, fields, etc.
In §1 we saw that any semiring C can be enlarged to become a ring, C.. More
generally, we obtain the following result.

Theorem 2. For any set family M in a space S (M C 2%), there is a unique
“smallest” set ring R such that

R2oM

(“smallest” in the sense that
RCR
for any other ring R’ with R' 2 M).

The R of Theorem 2 is called the ring generated by M. Similarly for o-rings,
fields, and o-fields in S.

Proof. We give the proof for o-fields; it is similar in the other cases.

There surely are o-fields in S that contain M; e.g., take 25. Let {R;} be
the family of all possible o-fields in S such that R; O M. Let

R=[\R:
We shall show that this R is the required “smallest” o-field containing M.
Indeed, by assumption,
MC(Ri=R.
We now verify the o-field properties for R.

(1) We have that
(VZ) 0 e R;and S € R;
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(for R; is a o-field, by assumption). Hence

De(\Ri=R.

Similarly, S € R. Thus
0,5 eR.

(2) Suppose
X,Y eR=[R:.

Then X,Y are in every R;, and so is X — Y. Hence X —Y is in
(R =R.

Thus R is closed under differences.
(3) Take any sequence

{A.} SR =R

Then all A,, are in each R;. |J,, A, is in each R;; so

UAneR

Thus R is closed under countable unions.

We see that R is indeed a o-field in S, with M C R. As R is the intersection
of all R; (i.e., all o-fields O M), we have

(Vi) R C Ry

so R is the smallest of such o-fields.
It is unique; for if R’ is another such o-field, then

RCR CR
(as both R and R’ are “smallest”); so
R=R. O

Note 1. This proof also shows that the intersection of any family {R;} of
o-fields is a o-field. Similarly for o-rings, fields, and rings.

Corollary 2. The ring R generated by a semiring C coincides with
Cs = {all finite unions of C-sets}

and with
C. = {disjoint finite unions of C-sets}.
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Proof. By Theorem 2 in §1, C. is a ring 2 C; and
C.LCC;CR

(for R is closed under finite unions, being a ring 2 C).
Moreover, as R is the smallest ring O C, we have

R C C; CCs CR.
Hence
R = C; = Cs,
as claimed. O

It is much harder to characterize the o-ring generated by a semiring. The
following characterization proves useful in theory and as an exercise.?

Theorem 3. The o-ring R generated by a semiring C coincides with the small-
est set family D such that

(i) D2
(ii) D is closed under countable disjoint unions;

(iii) J — X € D whenever X € D, J €C, and X C J.

Proof. We give a proof outline, leaving the details to the reader.
(1) The existence of a smallest such D follows as in Theorem 2. Verify!
(2) Writing briefly AB for AN B and A’ for —A, prove that

(A— B)C = A— (AC' U BCO).
(3) For each I € D, set
D ={A€D|Al €D, A—1I¢€D}.

Then prove that if I € C, the set family D; has the properties (i)—(iii) specified
in the theorem. (Use the set identity (2) for property (iii).)
Hence by the minimality of D, D C D;. Therefore,

(VAeD) (VIel) AleDand A—1€D.
(4) Using this, show that Dy satisfies (i)—(iii) for any I € D.

Deduce
D C Dr;

so D is closed under finite intersections and differences.

Combining with property (ii), show that D is a o-ring (see Problem 12
below).

21t may be deferred until Chapter 8, §8, though.
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By its minimality, D is the smallest o-ring O C (for any other such o-ring
clearly satisfies (i)—(iii)).
Thus D = R, as claimed. [
Definition 2.
Given a set family M, we define (following Hausdorft)
(a) M, = {all countable unions of M-sets} (cf. C, in §2);

(b) Ms = {all countable intersections of M-sets}.

We use My and M, for similar notions, with “countable” replaced by

“finite.”
Clearly,
MyODOM;DOM
and
MsDODOMg2OM
Why?

Note 2. Observe that M is closed under finite (countable) unions iff
M - Ms (M - MO’)
Verify! Interpret M = My (M = M,) similarly.

In conclusion, we generalize Theorem 1 in §1.

Definition 3.
The product

M x N
of two set families M and N is the family of all sets of the form
A X B,
with A € M and B € N.
(The dot in X is to stress that M x A is not really a Cartesian product.)
Theorem 4. If M and N are semirings, so is M x N.

The proof runs along the same lines as that of Theorem 1 in §1, via the set
identities
(XxY)N(X'xY)=(XnNnX")x(YNnY)

and
(X xY)—(X'xY)=[(X-X)xY|U[XNX")x (Y -Y")].
The details are left to the reader.

Note 3. As every ring is a semiring (Corollary 1), the product of two rings
(fields, o-rings, o-fields) is a semiring. However, see Problem 6 below.
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Problems on Set Families
1. Verify Examples (a), (b), and (c).
1’. Prove Theorem 1 for rings.

2. Show that in Definition 1 “) € M” may be replaced by “M # ().
[Hint: 0 = A — A]

=3. Prove that M is a field (o-field) iff M # (), M is closed under finite
(countable) unions, and
(VAeM) —AeM.
[Hint: A— B=—(—AUB); S=-0]
4. Prove Theorem 2 for set fields.
*4’. Does Note 1 apply to semirings?
5. Prove Note 2.
5’. Prove Theorem 3 in detail.

6. Prove Theorem 4 and show that the product M x N of two rings need
not be a ring.

[Hint: Let S = E' and M = N = 2°. Take A, B as in Theorem 1 of §1. Verify that
A—BZ&MXN.]

=7. Let R, R’ be the rings (o-rings, fields, o-fields) generated by M and N,
respectively. Prove the following.

(i) f M CN, then R C R'.
(i) M CN CR, then R=TR"

(iii) If
M = {open intervals in E"}
and
N = {all open sets in E™},
then R = R’.

[Hint: Use Lemma 2 in §2 for (iii). Use the minimality of R and R'.]

8. Is any of the following a semiring, ring, o-ring, field, or o-field? Why?
(a) All infinite intervals in E*.
(b) All open sets in a metric space (S, p).
(c¢) All closed sets in (S, p).
(d) All “clopen” sets in (S, p).

e) {X €2| —X finite}.

)

(
(f) {X € 29| —X countable}.
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=9. Prove that for any sequence {A,} in a ring R, there is
(a) an expanding sequence {B,} C R such that

(Vn) B, 2 A,

U B, = U A,; and
(b) a contracting sequence C,, C A,,, with
(Cn =[)4n-

(The latter holds in semirings, too.)

[Hint: Set Bp = U} Ak, Cn = N] Ak.]

and

=10. The symmetric difference, A /A B, of two sets is defined
AAB=(A-B)U(B—-A).
Inductively, we also set

1
AN A=A
k=1

and

n+1 n
A Ay = (A Ak) A Anyr.
k=1 k=1

Show that symmetric differences
(i) are commutative,
(ii) are associative, and
(iii) satisfy the distributive law:
(AAB)NC=(ANC)A(BNQO).
[Hint for (ii): Set A’ = —A, A— B = ANB'. Expand (AA B) AC into an expression
symmetric with respect to A, B, and C.]
11. Prove that M is a ring iff
(i) 0 e M;
(ii) (VA,B e M) AAB € M and ANB € M (see Problem 10);
equivalently,
(i) AABe Mand AUB e M.

[Hint: Verify that
AUB=(AAB)A(ANB)

and

A-B=(AUB)AB,
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12.

13.

14.

15.

16.

while
ANB=(AUB)A (AAB)]

Show that a set family M # () is a o-ring iff one of the following condi-
tions holds.

(a) M is closed under countable unions and proper differences (X —Y
with X D Y);

(b) M is closed under countable disjoint unions, proper differences,
and finite intersections; or

(c) M is closed under countable unions and symmetric differences (see
Problem 10).

[Hints: (a) X =Y = (X UY) —Y, a proper difference.
() X —Y =X — (X NY) reduces any difference to a proper one; then

XUY=(X-Y)U(Y —X)U(XnY)

shows that M is closed under all finite unions; so M is a ring. Now use Corollary 1
in §1 for countable unions.

(c) Use Problem 11.]

From Problem 10, treating A as addition and N as multiplication, show
that any set ring M is an algebraic ring with unity, i.e., satisfies the six
field axioms (Chapter 2, §§1-4), except V(b) (existence of multiplicative
inverses).

A set family H is said to be hereditary iff
(VX eH) (VY CX) YeH.

Prove the following.

(a) For every family M C 29, there is a “smallest” hereditary ring
H O M (H is said to be generated by M). Similarly for o-rings,
fields, and o-fields.

(b) The hereditary o-ring generated by M consists of those sets which
can be covered by countably many M-sets.

Prove that the field (o-field) in S, generated by a ring (o-ring) R, con-
sists exactly of all R-sets and their complements in S.

Show that the ring R generated by a set family C # () consists of all sets
of the form

VANIYZ P

k=1
(see Problem 10), where each Ay € Cy (finite intersection of C-sets).

[Outline: By Problem 11, R must contain the family (call it M) of all such A}_; Ay.
(Why?) It remains to show that M is a ring 2 C.



124 Chapter 7. Volume and Measure

Write A 4+ B for AA B and AB for AN B; so each M-set is a “sum” of finitely
many “products”
A1Ag - Ap.

By algebra, the “sum” and “product” of two such “polynomials” is such a polynomial
itself. Thus
VX, YeM) XAY and XNY € M.

Now use Problem 11.]

17. Use Problem 16 to obtain a new proof of Theorem 2 in §1 and Corollary 2
in the present section.
[Hints: For semirings, C = C4. (Why?) Thus in Problem 16, A € C.
Also,
(VA,BEC) AAB=(A—B)U(B— A)
where A — B and B — A are finite disjoint unions of C-sets. (Why?)
Deduce that A A B € C. and, by induction,

Z. A € C;;
k=1

so R CC. CR. (Why?)]
18. Given a set A and a set family M, let
AAM
be the family of all sets A N X, with X € M; similarly,
NUM=A)={allsets Y U(X — A), with Y € N, X € M}, etc.
Show that if M generates the ring R, then A M M generates the ring
R'=ANR.

Similarly for o-rings, fields, o-fields.

[Hint for rings: Prove the following.
(i) AMR is a ring.
(ii) M C R U (R = A), with R’ as above.
(iii) R YU (R = A) is a ring (call it N).
(iv) By (i), RCN,s0 AARC AAN C R’
(v) APRDTR (for ANR D AAM).
Hence R' = ANR.]

84. Set Functions. Additivity. Continuity

I. The letter “v” in vA may be treated as a certain function symbol that assigns
a numerical value (called “volume”) to the set A. So far we have defined such
“volumes” for all intervals, then for C-simple sets, and even for C,-sets in E™.
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Mathematically this means that the volume function v has been defined first
on C (the intervals), then on C. (C-simple sets), and finally on C,.

Thus we have a function v which assigns values (“volumes”) not just to
single points, as ordinary “point functions” do, but to whole sets, each set
being treated as one thing.

In other words, the domain of the function v is not just a set of points, but
a set family (C, CL, or C,).

The “volumes” assigned to such sets are the function values (for C and C.-sets
they are real numbers; for C,-sets they may reach +o00). This is symbolized by

v: C — E!
or
v: C, — E7;
more precisely,
v: Cy — [0, 00,

since volume is nonnegative.

It is natural to call v a set function (as opposed to ordinary point functions).
As we shall see, there are many other set functions. The function values need
not be real; they may be complex numbers or vectors. This agrees with our
general definition of a function as a certain set of ordered pairs (Definition 3
in Chapter 1, §§4-7); e.g.,

(A B C -
"Z\vA vB wC )"
Here the domain consists of certain sets A, B,C,.... This leads us to the
following definition.

Definition 1.

A set function is a mapping
s:M—FE

whose domain is a set family M.

The range space F is assumed to be E!, E*, C (the complex field), E",
or another normed space. Thus s may be real, extended real, complex,
or vector valued.

To each set X € M, the function s assigns a unique function value
denoted s(X) or sX (which is an element of the range space E).

We say that s is finite on a set family N C M iff
VX eN) |sX]| < oo;

briefly, |s| < oo on A. (This is automatic if s is complex or vector valued.)
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We call s semifinite if at least one of +00 is excluded as function value,
e.g.,if s > 0 on M;ie.,

s: M — [0, 00].
(The symbol oo stands for +oco throughout.)

Definition 2.
A set function
s M— FE

is called additive (or finitely additive) on N' C M iff for any finite disjoint
union | J, A, we have

S sy = S(UAk),
k k
provided | J, Ax and all the A are N-sets.

If this also holds for countable disjoint unions, s is called o-additive
(or countably additive or completely additive) on N.

If N'= M here, we simply say that s is additive (o-additive, respec-
tively).

Note 1. As |J Ay is independent of the order of the Ay, o-additivity pre-
supposes and implies that the series

Z SAk

is permutable (§2) for any disjoint sequence
{Ar} CN.

(The partial sums do exist, by our conventions (2*) in Chapter 4, §4.)
The set functions in the examples below are additive; v is even o-additive
(Corollary 1 in §2).
Examples (b)-(d) show that set functions may arise from ordinary “point
functions.”
Examples.
(a) The volume function v: C — E' on C (= intervals in E"), discussed
above, is called the Lebesgue premeasure (in E™).
(b) Let M = {all finite intervals I C E'}.
Given f: E' — E, set

(VIeM) sI=V;I,

the total variation of f on the closure of I (Chapter 5, §7).
Then s: M — [0, 00| is additive by Theorem 1 of Chapter 5, §7.
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()

Let M and f be as in Example (b).

Suppose f has an antiderivative (Chapter 5, §5) on E'. For each
interval X with endpoints a,b € E! (a <b), set

sX:/abf.

This yields a set function s: M — E (real, complex, or vector valued),
additive by Corollary 6 in Chapter 5, §5.

Let C = {all finite intervals in E'}.

Suppose
a: B! — E!

has finite one-sided limits
a(p+) and a(p—)
at each p € E'. The Lebesgue—Stieltjes (LS) function
Sq:C — E!
(important for Lebesgue—Stieltjes integration) is defined as follows.
Set s,0) = 0. For nonvoid intervals, including [a,a] = {a}, set
sala,b] = a(b+) — ala—),
Sa(a,b] = a(b+) — alat),
Sqla,b) = a(b—) — a(a—), and
Sa(a,b) = a(b—) — a(a+).
For the properties of s, see Problem 7 ff., below.

Let mX be the mass concentrated in the part X of the physical space S.
Then m is a nonnegative set function defined on

25 = {all subsets X C S} (§3).

If instead mX were the electric load of X, then m would be sign
changing.

II. The rest of this section is redundant for a “limited approach.”
Lemmas. Let s: M — E be additive on N C M. Let

A BeN, ACB.

Then we have the following.

(1)

If |sA| < oo and B— A € N, then
s(B — A) = sB — sA (“subtractivity”).
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(2) If 0 € N, then s = 0 provided |sX| < oo for at least one X € N.
(3) If N is a semiring, then sA = too implies |sB| = co. Hence
|sB| < 00 = |sA| < 0.
If further s is semifinite then
sA =+00 = sB = £00
(same sign).
Proof.
(1) As B D A, we have
B = (B — A)U A (disjoint);
so by additivity,
sB = s(B — A) + sA.
If |sA| < oo, we may transpose to get
sB —sA=s(B—-A),
as claimed.
(2) Hence
sh=s(X-X)=sX—-sX=0
if X,0eN, and [sX]| < oco.
(3) If NV is a semiring, then

B—-A= U Ay (disjoint)
k=1

for some N-sets Ay; so

B =AU | A (disjoint).
k=1

By additivity,
n
sB=sA+ Z SAg;
k=1
so by our conventions,

|sA| = 00 = |sB| = 0.

If, further, s is semifinite, one of o0 is excluded. Thus sA and sB, if
infinite, must have the same sign. This completes the proof. [J
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In §§1 and 2, we showed how to extend the notion of volume from intervals
to a larger set family, preserving additivity. We now generalize this idea.

Theorem 1. If
s:C—F

s additive on C, an arbitrary semiring, there is a unique set function
5:Cs — F,
additive on Cg, with s =s on C, i.e.,

5X =sX for X €C.

We call s the additive extension of s to Cs = C., (Corollary 2 in §3).

Proof. If s > 0 (s: C — [0,00]), proceed as in Lemma 1 and Corollary 2, all
of §1.

The general proof (which may be omitted or deferred) is as follows.

Each X € C/ has the form

X = X; (disjoint), X; €C.

1=1

Thus if 5 is to be additive, the only way to define it is to set

sX = Zm: SXZ'.
i=1

This already makes § unique, provided we show that

m

ZSXi

=1

does not depend on the particular decomposition

X:QXi

(otherwise, all is ambiguous).
Then take any other decomposition

X = U Yy (disjoint), Y € C.
k=1

Additivity implies
s(X;NYy) and sV = > s(X; NYz).
k=1 =1

(VZ,]{?) SXZ'
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(Verify!) Hence

Thus, indeed, it does not matter which particular decomposition we choose,
and our definition of s is unambiguous.
If X € C, we may choose (say)

1
x=xi, x1=x;
=1
SO
sX = SX1 = SX,

i.e., § = s on C, as required.
Finally, for the additivity of s, let
A= U By, (disjoint), A, By € C..
k=1
Here we may set
ng
By = | J Cyi (disjoint), Cyi €C.
i=1
Then

A= U C; (disjoint);
ki

so by our definition of s,
m Nk m
A =30 sC =330 s0k ) = sh
ki k=1 “i=1 k=1

as required. [

Continuity. We write X,, / X to mean that

X = C_le”

and {X,}7, i.e.,
Xnan_|_1, n:1,2,....

Similarly, X, N\, X iff

X = Flen
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and {X,}], i.e.,
Xp D Xps1, n=1,2,....

In both cases, we set
X = nler;O X,.
This suggests the following definition.
Definition 3.
A set function s: M — F is said to be
(i) left continuous (on M) iff

sX = lim sX,

whenever X,, /' X and X, X,, € M;
(ii) right continuous iff

sX = lim sX,

n—oo

whenever X,, \, X, with X, X,, € M and |sX;| < oc.

Thus in case (i),

o0
lim sX,, =s U X,
n—oo

n=1

if all X,, and |J,—, X,, are M-sets.
In case (ii),

o0
lim sX,, =s m X,
n—oo

n=1

if all X,, and (,—; X,, are in M, and [sX;| < .

Note 2. The last restriction applies to right continuity only. (We choose
simply to exclude from consideration sequences {X,,}|, with |sX;| = oo; see
Problem 4.)

Theorem 2. Ifs: C — E is o-additive and semifinite on C, a semiring, then
s is both left and right continuous (briefly, continuous).

Proof. We sketch the proof for rings; for semirings, see Problem 1.
Left continuity. Let X,, / X with X,,, X € C and

X = Gan.

If sX,, = £oo for some n, then (Lemma 3)

sX = sX,, = oo for m > n,
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since X D X,,, D X,,; so

lim sX,, = 00 = s.X,

as claimed.
Thus assume all sX,, finite; so sf) = 0, by Lemma 2.
Set Xo = (. As is easily seen,

X = U X, U (X, — Xn_1) (disjoint),
n=1

and
(Vn) X, —X,—1€C (aring).

Also,

(VYm >n) U (X, — X,—1) (disjoint).
n=1

(Verify!) Thus by additivity,

n=1
and by the assumed o-additivity,
sX =s|J(Xn—Xno1) =) s(Xp — Xp1)
n=1 n=1
= lim Zs(Xn — Xp-1) = lim sX,,,
n=1
as claimed.
Right continuity. Let X,, \, X with X, X,, € C,
X = () Xn,
n=1
and
|s X4 | < o0.

As X C X,, C Xy, Lemma 3 yields that
(Vn) [sX,| < o0

and [sX| < oco.
As

X = ﬁ X,
k=1
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we have
(e

(Vn) X,=XU |J (Xe—1 - Xi) (disjoint).
k=n-+1

(Verify!) Thus by o-additivity,

(Vn) sX,=sX+ Z s(Xk—1 — Xk),
k=n+1
with |sX| < oo, [sX,,| < co (see above).

Hence the sum
[e )

D s(Xpor — Xp) = sXp — sX
k=n+1

is finite. Therefore, it tends to 0 as n — oo (being the “remainder term” of a
convergent series). Thus n — oo yields

lim sX,, = sX + lim Z $(Xk—1 — Xg) = sX,

n— oo
k=n+1

as claimed. [

Problems on Set Functions

1. Prove Theorem 2 in detail for semirings.
[Hint: We know that

Lz
Xpn = Xn-1 = | Yni (disjoint)
=1

for some Y,,; € C, so
Mn

§(Xn — Xn_1) = sYni,
=1

with § as in Theorem 1.]

2. Let s be additive on M, a ring. Prove that s is also o-additive provided
s is either

(i) left continuous, or

(ii) finite on M and right-continuous at (; i.e.,

lim sX,, =0

n—oo

when X,, \ 0 (X,, € M).

[Hint: Let
A= UA" (disjoint), A, A, € M.
n



134

3.

Chapter 7. Volume and Measure

Set

Xn=|J Ak, Yn=A— Xn.
k=1

Verify that X,,Y, € M, X, /A, Y \, 0.

In case (i),
oo
sA =limsX, = Z sAg.
k=1
(Why?)
For (ii), use the Y;,.]
Let

M = {all intervals in the rational field R C E'}.

Let
sX=b—a

if a, b are the endpoints of X € M (a,b € R, a <b). Prove that
(i) M is a semiring;
(ii) s is continuous;
(iii) s is additive but not o-additive; thus Problem 2 fails for semirings.

[Hint: R is countable. Thus each X € M is a countable union of singletons {z} =
[z, x]; hence sX = 0 if s were o-additive.]

Let N = {naturals}. Let
M = {all finite subsets of N and their complements in N}.

If X € M, let sX =0 if X is finite, and sX = oo otherwise. Show that
(i) M is a set field;
(i) s is right continuous and additive, but not o-additive.

Thus Problem 2(ii) fails if s is not finite.

Let
C = {finite and infinite intervals in E'}.

If a,b are the endpoints of an interval X (a,b € E*, a <b), set

{b—a, a<b,
sX =

0, a=">.
Show that s is o-additive on C, a semiring.
Let
Xn = (TL, OO);

so $X,, =00 —n =00 and X,, \, . (Verify!) Yet
lim s X,, = oo # s.
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=T.

Does this contradict Theorem 27
Fill in the missing proof details in Theorem 1.
Let s be additive on M. Prove the following.
(i) If M is a ring or semiring, so is
N={X e M||sX]| < oo}
it £ 0.

(ii) If M is generated by a set family C, with |s| < oo on C, then
|s| < 0o on M.
[Hint: Use Problem 16 in §3.]

(Lebesgue—Stieltjes set functions.) Let a and s, be as in Example (d).
Prove the following.

(i) sq >0 on Ciff al on E' (see Theorem 2 in Chapter 4, §5).
(ii) sa{p} = salp,p] = 0 iff v is continuous at p.
(iii) sq is additive.
[Hint: If
A= O A, (disjoint),
1=1

the intervals A;_1, A; must be adjacent. For two such intervals, consider all
cases like
(a,b] U (b,c), [a,b) U b, ], etc.

Then use induction on n.]

(iv) If « is right continuous at a and b, then
Sa(a,b] = a(b) — a(b).
If « is continuous at a and b, then
Sala,b] = sa(a,b] = sula,b) = sq(a,b).

(v) If al on E!', then s, satisfies Lemma 1 and Corollary 2 in §1
(same proof), as well as Lemma 1, Theorem 1, Corollaries 14,
and Note 3 in §2 (everything except Corollaries 5 and 6).

[Hint: Use (i) and (iii). For Lemma 1 in §2, take first a half-open B = (a, b]; use
the definition of a right-side limit along with Theorems 1 and 2 in Chapter 4,
85, to prove

(Ve>0) 3ec>b) 0<alc—)—alb+) <s;

then set C' = (a,c). Similarly for B = [a,b), etc. and for the closed interval
A C B]

(vi) If a(x) = x then s, = v, the volume (or length) function in E*.
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8. Construct LS set functions (Example (d)), with a1 (see Problem 7(v)),
so that

(i) sa[0,1] # sall,2);

(ii) sqE! =1 (after extending s, to C,-sets in E1);
(ii’) so B! = c for a fixed ¢ € (0, 0);
(iii) s4{0} =1 and s,[0, 1] > s4(0, 1].

Describe s, if a(x) = [z] (the integral part of x).
[Hint: See Figure 16 in Chapter 4, §1.]

9. For an arbitrary a: E' — E*, define 0,: C — E! by
oala,b] = o4(a,b] = o,[a,b) = 04(a,b) = a(b) — a(a)

(the original Stieltjes method). Prove that o, is additive but not o-
additive unless « is continuous (for Theorem 2 fails).

§5. Nonnegative Set functions. Premeasures. Outer Measures

We now concentrate on nonnegative set functions
m: M — |0, 0]

(we mostly denote them by m or ). Such functions have the advantage that

i mX,
n=1

exists and is permutable (Theorem 2 in §2) for any sets X,, € M, since mX,, >

0. Several important notions apply to such functions (only). They “mimic”
661 and 2.

Definition 1.

A set function
m: M — |0, o0

is said to be
(i) monotone (on M) iff

mX <mY

whenever
X CY and X,Y € M;
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(ii) (finitely) subadditive (on M) iff for any finite union
U Yk;
k=1
we have
(1) mX < mYj,
k=1
whenever X,Y;, € M and

n
X C U Y} (disjoint or not);
k=1

(iii) o-subadditive (on M) iff (1) holds for countable unions, too.

Recall that {Y} is called a covering of X iff
X c| U
k

We call it an M-covering of X if all Y, are M-sets. We now obtain the following
corollary.

Corollary 1. Subadditivity implies monotonicity.
Take n = 1 in formula (1).

Corollary 2. Ifm :C — [0,00] is additive (o-additive) on C, a semiring, then
m is also subadditive (o-subadditive, respectively), hence monotone, on C.

The proof is a mere repetition of the argument used in Lemma 1 in §1.
Taking n = 1 in formula (ii) there, we obtain finite subadditivity.

For o-subadditivity, one only has to use countable unions instead of finite
ones.

Note 1. The converse fails: subadditivity does not imply additivity.
Note 2. Of course, Corollary 2 applies to rings, too (see Corollary 1 in §3).
Definition 2.
A premeasures is a set function
p: C — [0, 00]

such that
) € C and ud = 0.

(C may, but need not, be a semiring.)
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A premeasure space is a triple
(S7 C> ,u)v
where C is a family of subsets of S (briefly, C C 2°) and
pu: € — [0, 0]

is a premeasure. In this case, C-sets are also called basic sets.
If
AclBn,
n

with B,, € C, the sequence {B,} is called a basic covering of A, and
>_ 1B,

is a basic covering value of A; {B,,} may be finite or infinite.

Examples.

(a) The volume function v on C (= intervals in E™) is a premeasure, as v > 0
and v() = 0. (E™,C,v) is the Lebesgue premeasure space.

(b) The LS set function s, is a premeasure if a] (see Problem 7 in §4). We
call it the a-induced Lebesque—Stieltjes (LS) premeasure in E1.
We now develop a method for constructing o-subadditive premeasures. (This
is a first step toward achieving o-additivity; see §4.)
Definition 3.

For any premeasure space (5, C, 1), we define the p-induced outer measure
m* on 2° (= all subsets of S) by setting, for each A C S,

(2) m*A = inf{; (1B,

Ac|JB., B, ec},

i.e., m*A (called the outer measure of A) is the glb of all basic covering
values of A.

If p = v, m* is called the Lebesgue outer measure in E™.

Note 3. If A has no basic coverings, we set m*A = oo. More generally, we
make the convention that inf ) = +oco.

Note 4. By the properties of the glb, we have
(VACS) 0<m*A.
If A €C, then {A} is a basic covering; so
m*A < pA.
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In particular, m*() = uf) = 0.
Theorem 1.! The set function m* so defined is o-subadditive on 2°.

Proof. Given
Ac| A, cs,

we must show that
m*A < Z m*A,,.
n

This is trivial if m*A,, = oo for some n. Thus assume
(Vn) m*A, < o
and fix € > 0.
By Note 3, each A,, has a basic covering
{Bnr}, k=12,...

(otherwise, m*A,, = o0). By properties of the glb, we can choose the B,

so that
€

(Vn) Z,UBnk <m*A, + o

k

(Explain from (2)). The sets By (for all n and all k) form a countable basic
covering of all A,, hence of A. Thus by Definition 3,

* * € o *
m*A < Z(;MB,C) < Z(m At ) < Ymtd, e
As € is arbitrary, we can let € — 0 to obtain the desired result. [J

Note 5. In view of Theorem 1, we now generalize the notion of an outer
measure in S to mean any o-subadditive premeasure defined on all of 2°.

By Note 4, m* < p on C, not m* = p in general. However, we obtain the
following result.

Theorem 2. With m* as in Definition 3, we have m* = pu on C iff p is
o-subadditive on C. Hence, in this case, m* is an extension of p.

Proof. Suppose p is o-subadditive and fix any A € C. By Note 4,
m*A < pA.

We shall show that
A < m*A,

I Theorems 1-3 are redundant for a “limited approach” (see the preface). Pass to Chap-
ter 8, §1.
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too, and hence uA = m*A.
Now, as A € C, A surely has basic coverings, e.g., {A}. Take any basic
covering:

Ac|JB., B.ec

As p is o-subadditive,
PA <D uB,.

Thus pA does not exceed any basic covering values of A; so it cannot exceed
their glb, m*A. Hence y = m*, indeed.

Conversely, if 4 = m* on C, then the o-subadditivity of m* (Theorem 1)
implies that of p (on C). Thus all is proved. [

Note 6. If, in (2), we allow only finite basic coverings, then the p-induced
set function is called the p-induced outer content, c*. It is only finitely subad-
ditive, in general.

In particular, if © = v (Lebesgue premeasure), we speak of the Jordan outer
content in E™. (It is superseded by Lebesgue theory but still occurs in courses
on Riemann integration.)

We add two more definitions related to the notion of coverings.

Definition 4.

A set function s: M — E (M C 29) is called o-finite iff every X € M
can be covered by a sequence of M-sets X,,, with

|sX,| <oo (Vn).

Any set A C S which can be so covered is said to be o-finite with
respect to s (briefly, (s) o-finite).
If the whole space S can be so covered, we say that s is totally o-finite.

For example, the Lebesgue premeasure v on E"™ is totally o-finite.

Definition 5.

A set function s: M — FE* is said to be reqular with respect to a set
family A (briefly, A-regular) iff for each A € M,

(3) sA=inf{sX |AC X, X € A};
that is, sA is the glb of all sX, with A C X and X € A.

These notions are important for our later work. At present, we prove only
one theorem involving Definitions 3 and 5.
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Theorem 3. For any premeasure space (S,C, ), the p-induced outer measure

m* is A-reqular whenever

C, CAC25.
Thus in this case,

(4) (VACS) m*A=inf{m"'X|ACX, X € A

Proof. As m™* is monotone, m*A is surely a lower bound of
{mM* X |ACX, X € A}
We must show that there is no greater lower bound.
This is trivial if m*A = oo.

Thus let m*A < oo; so A has basic coverings (Note 3). Now fix any ¢ > 0.
By formula (2), there is a basic covering {B,,} C C such that

AgUBn

and
m'A+e> ZﬂBn > Zm*Bn > m*UBn.

(m* is o-subadditive!)

Let
X ={JBn.
Then X is in C,, hence in A, and A C X. Also,
m*A+e>m*X.
Thus m*A + ¢ is not a lower bound of
{mM*' X |ACX, X € A}
This proves (4). O

Problems on Premeasures and Related Topics

1. Fill in the missing details in the proofs, notes, and examples of this
section.

2. Describe m* on 2° induced by a premeasure p: C — E* such that each
of the following hold.

(a) C={S,0}, S = 1.
(b) C =1{S,0, and all singletons}; uS = oo, u{z} = 1.
(c¢) C asin (b), with S uncountable; uS = 1, and pX = 0 otherwise.
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(d) C = {all proper subsets of S}; uX =1 when ) C X C S; ud = 0.
Show that the premeasures
v': ¢ — [0, 0]

induce one and the same (Lebesgue) outer measure m* in E™, with
v = (Volume, as in §2):

(a) C' = {open intervals};
(b) €’ = {half-open intervals};
(c) C {closed intervals};
(d) €

(e) C {open sets};

(f) €’ = {half-open cubes}.

[Hints: (a) Let m’ be the v’-induced outer measure; let C = {all intervals}. As
C’'CC,mA>m*A. (Why?) Also,

(Ve>0) 3{Bx} CC) AC|JBrand > vBr<m*A+e.
k

(Why?) By Lemma 1 in §2,
(3{C,} CC') By CCk and vBy, + 2% > o' O

Deduce that m*A > m’A, m* = m/. Similarly for (b) and (c). For (d), use
Corollary 1 and Note 3 in §1. For (e), use Lemma 2 in §2. For (f), use Problem 2
in §2.]

Do Problem 3(a)—(c), with m* replaced by the Jordan outer content c*
(Note 6).

Do Problem 3, with v and m* replaced by the LS premeasure and outer
measure. (Use Problem 7 in §4.)

Show that a set A C E™ is bounded iff its outer Jordan content is finite.

. Find a set A C E! such that

(i) its Lebesgue outer measure is 0 (m*A = 0), while its Jordan outer
content ¢*A = oo;

(ii) m*A =0, ¢*A =1 (see Corollary 6 in §2).

Let
p1, p2: C — [0, o]

be two premeasures in S and let m] and m3 be the outer measures
induced by them.

Prove that if m} = mj on C, then m} = m} on all of 2°.
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8. With the notation of Definition 3 and Note 6, prove the following.
(i) If AC B C S and m*B = 0, then m*A = 0; similarly for ¢*.

[Hint: Use monotonicity.]

(ii) The set family
{XCS|c"A=0}

is a hereditary set ring, i.e., a ring R such that
(VBeR) (VACB) AcR.
(iii) The set family
{XCS|m"X =0}
is a hereditary o-ring.
(iv) So also is
H = {those X C S that have basic coverings};

thus H is the hereditary o-ring generated by C (see Problem 14
in §3).

9. Continuing Problem 8(iv), prove that if p is o-finite (Definition 4), so is
m* when restricted to H.

Show, moreover, that if C is a semiring, then each X € H has a basic

covering {Y,, }, with m*Y,, < oo and with all Y;, disjoint.
[Hint: Show that

o0 (oo}
x<c U U B
n=1k=1
for some sets B, € C, with uB,, < oo. Then use Note 4 in §5 and Corollary 1
of §1.]
10. Show that if
s:C— FE*

is o-finite and additive on C, a semiring, then the o-ring R generated
by C equals the o-ring R’ generated by

C'={XeC||sX]| < oo}

(cf. Problem 6 in §4).
[Hint: By o-finiteness,

(VX €C) (F{An} CC|[s4n| <o0) X C|JAn;

SO
X=JXn4,), XnA,ec.
n

(Use Lemma 3 in §4.)
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Thus (VX € C) X is a countable union of C’-sets; so C C R’. Deduce R C R'.
Proceed.]

With all as in Theorem 3, prove that if A has basic coverings, then
(3IBeAs) ACBand m"A=m"B.
[Hint: By formula (4),
(VneEN)(3Xn €A|AC X,) m*A<mX, <m*A+ %
(Explain!) Set

oo
B = m X, € As.
n=1

Proceed. For Ag, see Definition 2(b) in §3.]

Let (S,C, ) and m* be as in Definition 3. Show that if C is a o-field in
S, then

(WVACS)(dBe(C) ACBand m*A=uB.
[Hint: Use Problem 11 and Note 3.]

Show that if
s:C—F

is o-finite and o-additive on C, a semiring, then s has at most one o-
additive extension to the o-ring R generated by C.

(Note that s is automatically o-finite if it is finite, e.g., complex or
vector valued.)
[Outline: Let
s+ R—E

be two o-additive extensions of s. By Problem 10, R is also generated by
C'={XeC||sX]| < oo}

Now set
R*={X eR|sX=5"X}.

Show that R* satisfies properties (i)—(iii) of Theorem 3 in §3, with C replaced by C’;
so R =R*.]

Let m} (n=1,2,...) be outer measures in S such that
VX CS)(Yn) mpX <m,  X.

Set

pt = lim m}.
n—oo

Show that p* is an outer measure in S (see Note 5).
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15. An outer measure m* in a metric space (S,p) is said to have the
Carathéodory property (CP) iff

m* (XUY)>m"X +m"Y
whenever p(X,Y) > 0, where
p(X,Y) =inf{p(z,y) |z € X,y € Y}.

For such m*, prove that
- (U Xk) =Y
k k

if {X3} C 2% and
p(Xi, X)) >0 (i £k).

[Hint: For finite unions, use the CP, subadditivity, and induction. Deduce that
n [e @)
(Vn) Zm*X;€ <m* U X.
k=1 k=1

Let n — oo. Proceed.]

16. Let (S,C, 1) and m* be as in Definition 3, with p a metric for S. Let pu,
be the restriction of u to the family C, of all X € C of diameter

1
dX < —.
n

Let m;, be the p,-induced outer measure in S.
Prove that

(i) {m} }1 as in Problem 14;

(ii) the outer measure

pt = lim m}
n—oo

has the CP (see Problem 15), and
p* > m* on 2°.
[Outline: Let p(X,Y) >e >0 (X, Y C9).
If for some n, X UY has no basic covering from C,, then
PHXUY) 2 mi(XUY) = o0 > w* X + 'Y,

and the CP follows. (Explain!)

Thus assume

(vn > é) (Vk) (3Bnk €Cn) XUY C G By
k=1
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One can choose the B, so that
Z Bk <mi(XUY)+e.
k=1

(Why?) As

1
dBnpr < — <e,
n

some B, cover X only, others Y only. (Why?) Deduce that

1 oo
(vn>=) miX+miY <3 pnBa <mi(XUY) +e
I
k=1

Let € — 0 and then n — oo.

Also, m* <m} < p*. (Why?)]

17. Continuing Problem 16, suppose that
(Ve >0) (Vn,k) (VB €C) (3B €Cy)

B C U B, and uB +¢ > ZﬂBnk-
k=1 k=1

Show that

m* = lim pu; = p*,
n—oo

so m* itself has the CP.
[Hints: It suffices to prove that m*A > pu*A if m*A < co. (Why?)

Now, given € > 0, A has a covering
{B:} €C
such that
m*A+e> Z uB;.
(Why?) By assumption,
[e @]

(Vn) BQU nkECnande QE z::

Deduce that
o0 o0 €
m*A4e > B; > B, — — )= B, —e>m*A—c¢.
iz (3w = 55 ) = S i —e 2 mi

Let € — 0; then n — 0]

18. Using Problem 17, show that the Lebesgue and Lebesgue—Stieltjes outer
measures have the CP.
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§6. Measure Spaces. More on Outer Measures’

I. In §5, we considered premeasure spaces, stressing mainly the idea of o-
subadditivity (Note 5 in §5). Now we shall emphasize o-additivity.

Definition 1.
A premeasure
m: M — [0, 0]

is called a measure (in S) iff M is a o-ring (in S), and m is o-additive
on M.
If so, the system
(S, M, m)

is called a measure space; mX is called the measure of X € M; M-sets
are called m-measurable sets.

Note that m is nonnegative and mf) = 0, as m is a premeasure (Definition 2
in §5).

Corollary 1. Measures are o-additive, o-subadditive, monotone, and contin-

UoUS.
Proof. Use Corollary 2 in §5 and Theorem 2 in §4, noting that M is a o-
ring. U

Corollary 2. In any measure space (S, M, m), the union and intersection of
any sequence of m-measurable sets is m-measurable itself. So also is X —Y if

X, Y e M.

This is obvious since M is a o-ring.
As measures and other premeasures are understood to be > 0, we often write

m: M — E*

for
m: M — [0, 0]
We also briefly say “measurable” for “m-measurable.”
Note that () € M, but not always S € M.

Examples.

(a) The volume of intervals in E™ is a o-additive premeasure, but not a
measure since its domain (the intervals) is not a o-ring.

(b) Let M = 2%, Define
(VX CS) mX=0.

I Sections 6-12 are not needed for a “limited approach.” (Pass to Chapter 8, §1.)
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Then m is trivially a measure (the zero-measure). Here each set X C S
is measurable, with mX = 0.

(c) Let again M = 29. Let mX be the number of elements in X, if finite,
and mX = oo otherwise.

Then m is a measure (“counting measure”). Verify!
(d) Let M =25, Fix some p € S. Let

{ 1 ifpe X,
mX =
0 otherwise.

Then m is a measure (it describes a “unit mass” concentrated at p).
(e) A probability space is a measure space (S, M, m), with
S e M and mS = 1.

In probability theory, measurable sets are called events; mX is called the
probability of X, often denoted by pX or similar symbols.

In Examples (b), (c), and (d),
M = 2% (all subsets of S).

More often, however,

M #£ 25,

i.e., there are nonmeasurable sets X C S for which mX is not defined.

Of special interest are sets X € M, with mX = 0, and their subsets. We
call them m-null or null sets. One would like them to be measurable, but this
is not always the case for subsets of X.

This leads us to the following definition.
Definition 2.

A measure m : M — E* is called complete iff all null sets (subsets of sets
of measure zero) are measurable.

We now develop a general method for constructing complete measures.

II. From §5 (Note 5) recall that an outer measure in S is a o-subadditive
premeasure defined on all of 2° (even if it is not derived via Definition 3 in §5).2
In Examples (b), (c), and (d), m is both a measure and an outer measure.
(Why?)
An outer measure
m*: 25 — E*

2 Some authors consider outer measures on smaller domains; we shall not do so.
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need not be additive; but consider this fact:
Any set A C S splits S into two parts: A itself and —A.
It also splits any other set X into X N A and X — A; indeed,
X =(XNA)U(X —A) (disjoint).

We want to single out those sets A for which m* behaves “additively,” i.e.,
so that

m' X =m"(XNA)+m*(X — A).
This motivates our next definition.

Definition 3.

Given an outer measure m*: 2° — E* and a set A C S, we say that A is
m*-measurable iff all sets X C § are split “additively” by A; that is,

(1) VX CS) mX=m"(XNA)+m*(X —A).
As is easily seen (see Problem 1), this is equivalent to
(2) VXCA VY C-A4A) m"(XUY)=m"X+m'Y.

The family of all m*-measurable sets is usually denoted by M*. The
system (S, M* m*) is called an outer measure space.

Note 1. Definition 3 applies to outer measures only. For measures, “m-
measurable” means simply “member of the domain of m” (Definition 1).

Note 2. In (1) and (2), we may equivalently replace the equality sign (=)
by (>). Indeed, X is covered by

{XNAX - A},

and X UY is covered by {X,Y}; so the reverse inequality (<) anyway holds,
by subadditivity.
Our main objective is to prove the following fundamental theorem.

Theorem 1. In any outer measure space
(SJ M* ) m*)7

the family M* of all m*-measurable sets is a o-field in S, and m*, when re-
stricted to M*, is a complete measure (denoted by m and called the m*-induced
measure; so m* =m on M*).

We split the proof into several steps (lemmas).
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Lemma 1. M* is closed under complementation:

VAeM*) —AeM".

Indeed, the measurability criterion (2) is same for A and —A alike.
Lemma 2. () and S are M*-sets. So are all sets of outer measure 0.

Proof. Let m*A = 0. To prove A € M*, use (2) and Note 2.
Thus take any X C A and Y C —A. Then by monotonicity,

m* X <m*A=0

and
m'Y <m*(XUY).

Thus
m*' X +mY =0+m™Y <m*(XUY),

as required.
In particular, as m*() = 0, () is m*-measurable () € M*).
So is S (the complement of ) by Lemma 1. O

Lemma 3. M* is closed under finite unions:

(YA, BeM*) AUBe M.

Proof. This time we shall use formula (1). By Note 2, it suffices to show that
VXCS) m"X>m"(XN(AUB))+m*(X — (AU B)).
Fix any X C S; as A € M*, we have
(3) m' X =m"(XNA) +m"(X - A).
Similarly, as B € M*, we have (replacing X by X — A in (1))
m" (X —-—A)=m"(X—-—A)NB)+m*(X —A-B)
(4) s "
=m"(XN-ANB)+m*(X - (AUB)),

since

X-A=Xn-A

and
X—-A-B=X-(AUB).

Combining (4) with (3), we get
(5) m*X =m*(XNA)+m"(XN-ANB)+m*(X — (AU B)).
Now verify that
(XNAUXN-ANB)DXN(AUB,).
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As m is subadditive, this yields
m (X NA)+m"(XN-ANnB)>m*(XN(AUB)).
Combining with (5), we get
m*X >m*(XN(AUB))+m"(X — (AU B)),
so that AU B € M*, indeed. [J

Induction extends Lemma 3 to all finite unions of M*-sets.

Note that by Problem 3 in §3, M* is a set field, hence surely a ring. Thus
Corollary 1 in §1 applies to it. (We use it below.)

Lemma 4. Let
X, CA.CS, k=0,1,2,...,

with all Ay, pairwise disjoint.
Let Ay, € M* for k> 1. (Ag and the Xi need not be M*-sets.) Then

(6) m* (Q) Xk,> = gm*xk.

Proof. We start with two sets, Ag and Aj; so
A € ./\/l*, AgNA = @, Xy C Ap, and X; C A;.

As AgnN Ay =0, we have Ay C —A;1; hence also Xo C —A;.
Since A1 € M*, we use formula (2), with

X:XlgAl andY:XOQ—A,

to obtain
m*(Xo U Xl) = m*XO + m*Xl.

Thus (6) holds for two sets.
Induction now easily yields

n
(Vn) Zm*Xk = m*(
k=0
by monotonicity of m*. Now let n — oo and pass to the limit to get
o0 oo
k=0 k=0

As |J Xk is covered by the Xy, the o-subadditivity of m* yields the reverse
inequality as well. Thus (6) is proved. [

(0) ({0

k=0
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Proof of Theorem 1. As we noted, M* is a field. To show that it is also
closed under countable unions (a o-field), let

U= UAk, A, € M*.
k=1

We have to prove that U € M*; or by (2) and Note 2,
(7) VXCU) (VY C-U) m"(XUY)>m"X +m'Y.

We may safely assume that the Ay are disjoint. (If not, replace them by disjoint
sets By € M*, as in Corollary 1 of §1.)
To prove (7), fix any X C U and Y C —U, and let

X=X NA, C Ay,

Ap = —U, and Xy =Y, satisfying all assumptions of Lemma 4. Thus by (6),
writing the first term separately, we have

(8) m* (Y vl Xk> =m"Y + > m"X;.
k=1 k=1

But
Uxi=J&Ena)=XnJA4r=XnU=X
k=1 k=1 k=1

(as X C U). Also, by o-subadditivity,
Zm*Xk >m* UXk =m*X.

Therefore, (8) implies (7); so M* is a o-field.
Moreover, m* is o-additive on M*, as follows from Lemma 4 by taking

Xk:AkEM*,A():@.

Thus m™* acts as a measure on M*.

By Lemma 2, m* is complete; for if X is “null” (X C A and m*A = 0), then
m*X = 0; so X € M*, as required.

Thus all is proved. [

We thus have a standard method for constructing measures: From a pre-

measure
u: C — E*

in S, we obtain the p-induced outer measure

m*: 25 — E* (§5);



86. Measure Spaces. More on Outer Measures 153

this, in turn, induces a complete measure
m: M* — E*.
But we need more: We want m to be an extension of u, i.e.,
m =y on C,

with C C M* (meaning that all C-sets are m*-measurable). We now explore
this question.

Lemma 5. Let (S,C,pu) and m* be as in Definition 3 of §5. Then for a set
A C S to be m*-measurable, it suffices that

9) m* X >m"(XNA) +m"(z—A) forall X €C.

Proof. Assume (9). We must show that (9) holds for any X C S, even not a
C-set.

This is trivial if m* X = oco. Thus assume m*X < oo and fix any € > 0.
By Note 3 in §5, X must have a basic covering {B,,} C C so that

xcl| /B,
and
(10) m*X +¢e > Z,uBn > Zm*B
(Explain!)

Now, as X C |J B,,, we have
XnAC|JB.nA=|]JB.NnA).

Similarly,
X-A=Xn-AcC|]JB.-A).
Hence, as m* is o-subadditive and monotone, we get
L A (X = A) < (UBnna) +m* (B, - 4))
" <> [m* (B, NA) + m*(B, — A)].

But by assumption, (9) holds for any C-set, hence for each B,,. Thus
m* (B, NA)+m* (B, — A) <m*B,,
and (11) yields
m* (X NA) +m*(X — A) < [m* (B, NA) +m* (B, — A)] <> m*B,.
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Therefore, by (10),
m (X NA)+m" (X —A) <m"X +e.
Making e — 0, we prove (10) for any X C S, so that A € M*, as required. [

Theorem 2. Let the premeasure
u: C — E*

be o-additive on C, a semiring in S. Let m* be the p-induced outer measure,
and

m: M* — E*
be the m*-induced measure. Then
(i) C C M* and
(ii)) w=m*=m onC.
Thus m is a o-additive extension of u (called its Lebesgue extension) to M*.

Proof. By Corollary 2 in §5, u is also o-subadditive on the semiring C. Thus
by Theorem 2 in §5, u = m* on C.

To prove that C C M*, we fix A € C and show that A satisfies (9), so that
Ae M~

Thus take any X € C. As C is a semiring, X N A € C and

X—-A= U Ay (disjoint)
k=1

for some sets A, € C. Hence

m* (X NA)+m*(X — A) =m* (X N A)+m* | ] Ay
(12) e
<mA(XNA)+) m Ay
k=1
As
X =(XNA)U(X - A)=(XNA)U|JAx (disjoint),

the additivity of u and the equality © = m™* on C yield
m*X =m* (X NA)+ ) m"Ay.
k=1

Hence by (12),
m* X >m*(XNA) +m"(X — A);

so by Lemma 5, A € M*, as required.
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Also, by definition, m = m* on M*, hence on C. Thus
uw=m"=monC,
as claimed. 0O

Note 3. In particular, Theorem 2 applies if
w: M — E*

is a measure (so that C = M is even a o-ring).

Thus any such p can be extended to a complete measure m (its Lebesgue
extension) on a o-field

MO M
via the p-induced outer measure (call it p* this time), with
uw=m=pu on M.
Moreover,
M* DM DM,
(see Note 2 in §3); so u* is M-regular and M*-regular (Theorem 3 of §5).

Note 4. A reapplication of this process to m does not change m (Prob-
lem 16).

Problems on Measures and Outer Measures

1. Show that formulas (1) and (2) are equivalent.
[Hints: (i) Assume (1) and let X C A) Y C —A.
As X in (1) is arbitrary, we may replace it by X UY. Simplifying, obtain (2) on
noting that XNA=X, XN-A=0,YNA=0,andY N—-A=Y.
(ii) Assume (2). Take any X and substitute XN A and X — A for X and Y in (2).]

2. Given an outer measure space (S, M*, m*) and A C S, set
AAM ={ANX | X e M*}

(all sets of the form AN X with X € M*).

Prove that A M M™* is a o-field in A, and m* is o-additive on it.
[Hint: Use Lemma 4, with X, = AN A € AR M*]

3. Prove Lemmas 1 and 2, using formula (1).
3’. Prove Corollary 1.

4. Verify Examples (b), (c), and (d). Why is m an outer measure as well?
[Hint: Use Corollary 2 in §5.]

5. Fill in all details (induction, etc.) in the proofs of this section.
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6. Verify that m* is an outer measure and describe M™* under each of the
following conditions.

(a) mA=1if0dc ACS; m*)=0.
(b) m*A=1if0Cc ACS;m*S=2; m*) =0.

(¢) m*A=0if A C S is countable; m*A = 1 otherwise (S is uncount-
able).

(d) S = N (naturals); m*A = 1 if A is infinite; m*A = 25 if A has

n elements.

7. Prove the following.

(i) An outer measure m* is M*-regular (Definition 5 in §5) iff
(WVACS)(@BeM") AC Band m"A=mB.

B is called a measurable cover of A.
[Hint: If
m*A=inf{mX | AC X € M*},

then

1
(Vn) (3Xn e M*) ACX, and mX, <m*A+ —.
n

Set B=\721 Xn.|
(ii) If m* is as in Definition 3 of §5, with C C M*, then m* is M*-

regular.

8. Show that if m* is M*-regular (Problem 7), it is left continuous.
[Hints: Let {An}7; let By, be a measurable cover of A, ; set

oo
Cn= () Bs
k=n

Verify that {Cr}1, Bn 2 Cp 2 Ay, and mC,, = m* A,
By the left continuity of m (Theorem 2 in §4),

o0 oo
limm*A, = limmC, =m U Cn >m* U Anp.
n=1 n=1
Prove the reverse inequality as well.]
9. Continuing Problems 6-8, verify the following.

(i) In 6(a), with S = N, m* is M*-regular, but not right continuous.
Hint: Take Ay, ={z € N |z > n}.

(ii) In 6(b), with S = N, m* is neither M*-regular nor left continuous.

(iii) In 6(d), m* is not M*-regular; yet it is left continuous. (Thus
Problem 8 is not a necessary condition.)



86. Measure Spaces. More on Outer Measures 157

10. In Problem 2, let n* be the restriction of m* to 24. Prove the following.

11.

12.

(a) n* is an outer measure in A.
(b) AnM* C N* = {n*-measurable sets}.

(c) AR M* =N*if A e M*, orif m* is M*-regular (see Problem 7)
and finite.

(d) n* is N*-regular if m* is M*-regular.
Show that if m* is M*-regular and finite, then A C S is m*-
measurable iff
mS =m*A+m*(—A).
[Hint: Assume the latter. By Problem 7,
(VXCS)3BeM*, BDX) m*X =mB;

0
m*A=m*(AN B)+m"(A - B).

Similarly for —A. Deduce that
m*(ANB)+m*(A—B)+m*(B—A)+m*(—A— B) =mS =mB + m(—B);

hence
m*X =mB>m*(BNA)+m*(B—A)>m*(XNA)+m"(X —A),

so A€ M*]

Using Problem 15 in §5, prove that if m* has the CP then each open set
G C S isin M*.
[Outline: Show that

VX CG) VY C-G) m*"(XUY)>m"X +m"Y,
assuming m*X < co. (Why?) Set

Do ={z € X |p(z,—G) > 1}

and
1 1
Dy = cexX| —< ,—G)< =5, k>1.
k {90 ‘]H_l_P(SU ) k} =
Prove that
(i) X =] Du
k=0
and
(ii) p(Dy; Diy2) > 0;

so by Problem 15 in §5,

im*Dgn:m* GDgngm* GDn:m*X<oo.

n=0 n=0 n=0
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Similarly,
[e @)
Z m*Dapt1 < m*X < oo.
n=0
Hence
[e @)
Z m* D, < oo;
n=0
SO
o0
. " .
nlL»moo Z m* Dy = 0.

k=n

(Why?) Thus

o0
(Ve >0) (In) Z m* Dy < e.
k=n

Also,
[eS) n—1 o
X=JDr=J Dwu | Du;
k=0 k=0 k=n
SO
n—1 [e'e] n—1
m*X <m* U Dk+Zm*Dk<m* U Dy +e.
k=0 k=n k=0

Adding m*Y on both sides, get

n—1
(iii) m*X +m*Y <m* | Dp + m*Y +e.
k=0

Moreover,
n—1
p( U Dk,Y) >0,
k=0

for Y C —G and

1
Dy, —G) > ——.
p(Dk, —G) > P
Hence by the CP,
n—1 n—1
m*Y + Y m*Dp =m* (YU U Dk> <m*(Y UX).
k=0 k=0

(Why?) Combining with (iii), obtain
m*X +m*Y <m*(XUY) +e.

Now let € — 0.]

Show that if m: M — E* is a measure, there is P € M, with
mP = max{mX | X € M}.

[Hint: Let
k =sup{mX | X € M}
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=*14.

=*15.

in E*. As k > 0, there is a sequence r, /' k, rp, < k. (If & = oo, set r, = n; if
k<oo,rn=Fk-— %) By lub properties,

Vn) @3XneM) rn <mX, <k,
with {X,}T (Problem 9 in §3). Set

o0
P= U X,
n=1

Show that
mP = lim mX, = k]

Given a measure m: M — E*, let
M = {all sets of the form X U Z where X € M and Z is m-null}.

Prove that M is a o-ring O M.
[Hint: To prove that
(VA,BEM) A—-BeM,

suppose first A € M and B is “null,” i.e., BCU € M, mU = 0.

Show that

A-B=XUZ,

with X =A—-UeMand Z=ANU — B m-null (Z is shaded in Figure 31).

Next, if A,B € M, let A = XU Z,

B = X'U Z’, where X,X’ € M and
Z,7" are m-null. Hence

A

A-B=(XUZ)-B
=(X-B)U(Z-B)
=(X-B)uZ",

where
Z"=72—-B

is m-null. Also, B = X’ U Z’ implies

X—-B=(X-X)-2Z M,
FIGURE 31
by the first part of the proof.

Deduce that
A-B=(X-Buz'eM

(after checking closure under unions).]
Continuing Problem 14, define m: M — E* by setting mA = mX

whenever A = X U Z, with X € M and Z m-null. (Show that mA does
not depend on the particular representation of A as X U Z.)

Prove the following.

(i) m is a complete measure (called the completion of m), with m = m

on M.
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(ii) m is the least complete extension of m; that is, if n: NV — E* is
another complete measure, with M C N and n = m on M, then

M C N and n =m on M.
(iii) m = m iff m is complete.
Show that if m: M* — E* is induced by an M*-regular outer measure
w*, then m equals its Lebesgue extension m’ and completion m (see

Problem 15).

[Hint: By Definition 3 in §5, m induces an outer measure m*. By Theorem 3 in §5,
m*A=inf{mX | ACXeM*'}=p*A

(for p* is M*-regular).
As m* = p*, we get m’ = m. Also, m = m, by Problem 15(iii).]

Prove that if a measure p: M — E* is o-finite (Definition 4 in §5), with
S € M, then its Lebesgue extension m: M* — E* equals its completion
I (see Problem 15).
[Outline: It suffices to prove M* C M. (Why?)

To start with, let A € M*, mA < co. By Problem 12 in §5,

(IBeM) AC Band m*"A=mA=mB < o;

SO

m(B — A) =mB —mA=0.

Also,
(FHeM) B—-—ACH and puH =m(B — A) =0.

Thus B — A is p-null; so B— A € M. (Why?) Deduce that
A=B—(B—-A)e M.
Thus M contains any A € M* with mA < co. Use the o-finiteness of i to show

(Vo € M*) (3{An} C M*) mA, <ocand X = JA, € M]

§7. Topologies. Borel Sets. Borel Measures

I. Our theory of set families leads quite naturally to a generalization of metric
spaces. As we know, in any such space (.5, p), there is a family G of open sets,
and a family F of all closed sets. In Chapter 3, §12, we derived the following
two properties.

(i)

G is closed under any (even uncountable) unions and under finite inter-
sections (Chapter 3, §12, Theorem 2). Moreover,

egGand Seq.
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ii) F has these properties, with “unions” and “intersections” interchanged
prop g
(Chapter 3, §12, Theorem 3). Moreover, by definition,

AeFiff —Aeg.

Now, quite often, it is not so important to have distances (i.e., a metric)
defined in S, but rather to single out two set families, G and F, with proper-
ties (i) and (ii), in a suitable manner. For examples, see Problems 1 to 4 below.
Once G and F are given, one does not need a metric to define such notions as
continuity, limits, etc. (See Problems 2 and 3.) This leads us to the following
definition.

Definition 1.

A topology for a set S is any set family G C 29, with properties (i).

The pair (S,G) then is called a topological space. If confusion is un-
likely, we simply write S for (5,G).

G—sets are called open sets; their complements form the family F

(called cotopology) of all closed sets in S; F satisfies (ii) (the proof is
as in Theorem 3 of Chapter 3, §12).

Any metric space may be treated as a topological one (with G defined as in
Chapter 3, §12), but the converse is not true. Thus (S,G) is more general.

Note 1. By Problem 15 in Chapter 4, §2, a map

f:(S,p) = (T,0)

is continuous iff f~[B] is open in S whenever B is open in T.

We adopt this as a definition, for topological spaces S, T.

Many other notions (neighborhoods, limits, etc.) carry over from metric
spaces by simply treating G, as “an open set containing p.” (See Problem 3.)

Note 2. By (i), G is surely closed under countable unions. Thus by Note 2
in §3,

g - go‘-
Also, G = G4 and
~7:5 =F= FS;
but not
G=Gsor F=F,
in general.

G and F need not be rings or o-rings (closure fails for differences). But by
Theorem 2 in §3, G and F can be “embedded” in a smallest o-ring. We name
it in the following definition.
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Definition 2.

The o-ring B generated by a topology G in S is called the Borel field in
S. (It is a o-field, as S € G C B.)

Equivalently, B is the least o-ring O F. (Why?)

B-sets are called Borel sets in (S, G).

As B is closed under countable unions and intersections, we have not only
B2Gand B2 F,

but also
B2Gs, BDF,, BDGso [i.e., (Q(;)U], B2 F,s, etc.

Note that
Gss = Gsy, Foo = Fo, etc. (Why?)

I1. Special notions apply to measures in metric and topological spaces.
Definition 3.
A measure m: M — E* in (5,G) is called topological iff G C M, i.e., all

open sets are measurable; m is a Borel measure ifft M = B.

Note 3. If G C M (a o-ring), then also B C M since B is, by definition,
the least o-ring O G.

Thus m is topological iff B C M (hence surely F C M, Gs C M, F, C M,
etc.).

It also follows that any topological measure can be restricted to B to obtain
a Borel measure, called its Borel restriction.

Definition 4.

A measure m: M — E* in (S,G) is called regular iff it is regular with
respect to M N G, the measurable open sets; i.e.,

VAeM) mA=inf{mX|ACX e MnNG}.
If m is topological (G C M), this simplifies to
(1) mA =inf{mX | AC X € G},
i.e., m is G-regular (Definition 5 in §5).

Definition 5.

A measure m is strongly reqular iff for any A € M and € > 0, there is an
open set G € M and a closed set F' € M such that

(2) FCACG, withm(A—F)<eand m(G— A) <¢;
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thus A can be “approximated” by open supersets and closed subsets, both
measurable. As is easily seen, this implies regularity.

A kind of converse is given by the following theorem.

Theorem 1. If a measure m: M — E* in (S,G) is reqular and o-finite (see
Definition 4 in §5), with S € M, then m is also strongly reqular.

Proof. Fix € > 0 and let mA < oo.
By regularity,
mA=inf{mX |ACX e MNG};

so there is a set X € M NG (measurable and open), with
AC X and mX < mA +e.

Then
m(X —A)=mX —mA < ¢,

and X is the open set G required in (2).
If, however, mA = oo, use o-finiteness to obtain

.
k=1

for some sets X € M, mX; < oco; so

A=JAnXy).

Put

(Why?) Then

and
mA, < mX; < oo.

Now, by what was proved above, for each Aj there is an open measurable
Gr O Ag, with

Set
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Then G € M NG and G O A. Moreover,
G—A=JG,—JA S| Gk — Ap).
k k k

(Verify!) Thus by o-subadditivity,
€
m(G—A) SZM(Gk—Ak) <Z2—k =g,
k k=1
as required.
To find also the closed set F', consider
—A=5-AecM.

As shown above, there is an open measurable set G' O — A, with

e>m(G — (=A)) =m(G'NA)=m(A - (-G")).

Then
F=-G'CcA

is the desired closed set, with m(A — F) <e. O

Theorem 2. If m: M — E* is a strongly reqular measure in (S,G), then for
any A € M, there are measurable sets H € F, and K € Gs such that

(3) HCACK and m(A—H)=0=m(K — A);
hence

mA = mH = mK.

Proof. Let A € M. By strong regularity, given €, = 1/n, one finds measur-
able sets
GpoeGand F,e F, n=1,2,...,

such that
F,CACG,
and
1 1
(4) m(A—F,) < —and m(G, —A)<—, n=12....
n n
Let

H:GFnandK:ﬁGn.

n=1 n=1

Then H K €¢ M, H € F,, K € Gs, and
HCACK.
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Also, F,, C H and G,, O K.

Hence
A-HCA-F,and K-ACG, — A,
so by (4),
1 1
m(A—H)< ——0and m(K —A4) < ——0.
n n
Finally,

mA=m(A—-H)+mH =mH,
and similarly mA = mK.

Thus all is proved. [

Problems on Topologies, Borel Sets, and Regular Measures

1. Show that G is a topology in S (in (a)—(c), describe B also), given

(a) G = 2%

(b) G =1{0,5}

(¢) G = {0 and all sets in .S, containing a fixed point p}; or
)

(d) S = E*; G consists of all possible unions of sets of the form (a,b),
(a,00], and [—o0,b), with a,b € E1.

2. (S, p) is called a pseudometric space (and p is a pseudometric) iff the
metric laws (i)—(iii) of Chapter 3, §11 hold, but (i’) is weakened to

p(z,z) =0

(so that p(z,y) may be 0 even if z # y).

(a) Define “globes,” “interiors,” and “open sets” (i.e., G) as in Chap-
ter 3, §12; then show that G is a topology for S.

(b) Let S = E? and
p(T,9) = |21 =y,
where T = (21, 22) and § = (y1,y2). Show that p is a pseudometric

but not a metric (the Hausdorff properly fails!).

3. Define “neighborhood,” “interior,” “cluster point,” “closure,” and
“function limit” for topological spaces. Specify some notions (e.g., “di-
ameter,” “uniform continuity”) that do not carry over (they involve
distances).

4. In a topological space (S, G), define
g0:g7 gl :g57 g2:g50'7
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and
FO=F Fl=F, F:=F,s5, F3= F,so, ctc.

(Give an inductive definition.) Then prove by induction that
a) G" C B, F" C B;

(
(b gn—l g gn, ]:n—l g f”;
(

)
(c) (VX CS)XeFriff —-X € G™;

d) VX, YeF") XNY e F*, XUY € F"; same for G";
(€) VX eg") (VY eF) X —YeGgrand Y — X € Fn.

[Hint: X - Y =X nN-Y]
5. For metric and pseudometric spaces (see Problem 2) prove that
fn g gn—i—l and gn g fn—i—l

(cf. Problem 4).
[Hint for F C Gs: Let F € F. Set

an=J Gp(%);

pEF

SO
(Vn) FCGpeG.

Hence

F C(Gn €Gs.

Also,
(\Gn=F=F
by Theorem 3 in Chapter 3, §16. Hence deduce that
(VFeF) Fedgs,
so F C Gs; hence G C F, by Problem 4(c). Now use induction.]
6. If m is as in Definition 5, then prove the following.
(i) m is regular.
(i) VAe M) mA=sup{mX |ADX e MNF}.
(iii) The latter implies strong regularity if m < co and S € M.
7. Let u: B — E* be a Borel measure in a metric space (.5, p). Set
(VACS) n"fA=inf{uX | AC X €G}.
Prove that
(i) n* is an outer measure in S

(ii) n* = p on G;
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(iii) the n*-induced measure, n: N* — E*| is topological (so B C N*);
(iv) n > pon B;
(v) (VACS)(3H €Gs) AC H and uH = n*A.

[Hints: (iii) Using Problem 15 in §5 and Problem 12 in §6, let

p(X,Y)>e>0, U= [/ Gz(%a), v=" Gy(%g).
rzeX yey

Verify that U,V e G, UD X, VDY, UNV =0.
By the definition of n*,

(3G€G) GDODXUY and n*G <n*(XUY) +e¢;
also, X CGNU and Y C GNV. Thus by (ii),
n*X <pu(GNU) and n*Y < u(GNV).
Hence
n* X4+n'Y < p(GNU)+p(GNV) = p((GNU)U(GNV)) < uG = n*G < n*(XUY)+e.

Let € — 0 to get the CP: n* X +n*Y <n* (X UY).
(iv) We have (VA € B)

nA=n"A=inf{uX |AC X eG}>inf{uX | ACX e B}=puA

(Why?)
(v) Use the hint to Problem 11 in §5.]

8. From Problem 7 with m = pu, prove that if
AcCGed,

with mG < oo and A € B, then mA = nA.
[Hint: A, G, and (G — A) € B. By Problem 7(iii), B C N* and n is additive on B;
so by Problem 7(ii)(iv),

nA=nG —n(G—-A) <mG—m(G — A) =mA <nA.
Thus mA = nA. Explain all!]

9. Let m, n, and n* be as in Problems 7 and 8. Suppose

S= ] Gn
n=1
with G,, € G and mG,, < oo (this is called o°-finiteness).

Prove that
(i) m =n on B, and

(ii) m and n are strongly regular.
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[Hints: Fix A € B. Show that
A= U Ay, (disjoint)

for some Borel sets A, C Gy, (use Corollary 1 in §1). By Problem 8, mA,, = nA,
since

A, CGn €6

and mG,, < co. Now use o-additivity to find mA = nA.
(ii) Use G-regularity, part (i), and Theorem 1.]

10. Continuing Problems 8 and 9, show that n is the Lebesgue extension of
m (see Theorem 2 in §6 and Note 3 in §6).
Thus every o°-finite Borel measure m in (S, p) and its Lebesgue ex-

tension are strongly reqular.

[Hint: m induces an outer measure m*, with m* = m on B. It suffices to show that
m* =n* on 2°. (Why?)
So let A C S. By Problem 7(v),

(3HeB) ACHand n*"A=mH =m"H.

Also,
(AKeB) ACK and m*"A=mK

(Problem 12 in §5). Deduce that
n*"A<n(HNK)=m(HNK)<mH=n"A

and
n*A=m(HNK)=m"Al]

88. Lebesgue Measure

We shall now consider the most important example of a measure in E™, due to
Lebesgue. This measure generalizes the notion of volume and assigns “volumes”
to a large set family, the “Lebesgue measurable” sets, so that “volume” becomes
a complete topological measure. For “bodies” in E3, this measure agrees with
our intuitive idea of “volume.”

We start with the volume function v: C — E! (“Lebesque premeasure”)
on the semiring C of all intervals in E™ (§1). As we saw in §§5 and 6, this
premeasure induces an outer measure m* on all subsets of E™; and m*, in
turn, induces a measure m on the o-field M* of m*-measurable sets. These
sets are, by definition, the Lebesgue-measurable (briefly L-measurable) sets; m*
and m so defined are the (n-dimensional) Lebesgue outer measure and Lebesgue
measure.
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Theorem 1. Lebesgue premeasure v is o-additive on C, the intervals in E™.
Hence the latter are Lebesgue measurable (C C M*), and the volume of each
interval equals its Lebesque measure:

v=m*=m onC.

This follows by Corollary 1 in §2 and Theorem 2 of §6.

Note 1. As M* is a o-field (§6), it is closed under countable unions, count-
able intersections, and differences. Thus

C C M* implies C, C M*;
i.e., any countable union of intervals is L-measurable. Also, E™ € M*.
Corollary 1. Any countable set A C E™ is L-measurable, with mA = 0.
The proof is as in Corollary 6 of §2.
Corollary 2. The Lebesgue measure of E™ is oo.
Prove as in Corollary 5 of §2.

Examples.
(a) Let
R = {rationals in E'}.

Then R is countable (Corollary 3 of Chapter 1, §9); so mR = 0 by Corol-
lary 1. Similarly for R™ (rational points in E™).

(b) The measure of an interval with endpoints a,b in E! is its length, b — a.
Let
R, = {all rationals in [a, b]};

so mR, = 0. As [a,b] and R, are in M* (a o-field), so is
[a,b] — Ro,
the drrationals in [a,b]. By Lemma 1 in §4, if b > a, then
m([a,b] — R,) = m([a,b]) — mR, =m([a,b]) =b—a>0=mR,.

This shows again that the irrationals form a “larger” set than the rationals
(cf. Theorem 3 of Chapter 1, §9).

(¢) There are uncountable sets of measure zero (see Problems 8 and 10 below).

Theorem 2. Lebesgue measure in E™ is complete, topological, and totally o-
finite. That is,

(i) all null sets (subsets of sets of measure zero) are L-measurable;

(ii) so are all open sets (M* D G), hence all Borel sets (M* D B); in partic-
ular, M* O F, M* D Gs, M* D Fs, M* D Fos, etc.;
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(iii) each A € M* is a countable union of disjoint sets of finite measure.

Proof. (i) This follows by Theorem 1 in §6.

(ii) By Lemma 2 in §2, each open set is in C,, hence in M* (Note 1). Thus
M* D G. But by definition, the Borel field B is the least o-ring O G. Hence
M* D B*.

(iii) As E™ is open, it is a countable union of disjoint half-open intervals,

E" = U Ay (disjoint),
k=1

with mAy < oo (Lemma 2 in §2). Hence
(VACE") Ac|JA

SO

A= J(AnAy) (disjoint).
k

If, further, A € M*, then AN Ay € M*, and
m(AN Ag) <mA, < oco. (Why?) O

Note 2. More generally, a o-finite set A € M in a measure space (S, M, )
is a countable union of disjoint sets of finite measure (Corollary 1 of §1).

Note 3. Not all L-measurable sets are Borel sets. On the other hand, not
all sets in E™ are L-measurable (see Problems 6 and 9 below.)

Theorem 3.
(a) Lebesgue outer measure m* in E™ is G-regular; that is,
(1) (VACE") m"A=inf{mX | AC X €G}
(G = open sets in E™).
(b) Lebesgue measure m is strongly reqular (Definition 5 and Theorems 1

and 2, all in §7).

Proof. By definition, m* A is the glb of all basic covering values of A. Thus
given € > 0, there is a basic covering { By} C C of nonempty sets By such that

. 1
(2) AQUBk and m A—}—§€2;UB;€.

(Why? What if m*A = c0?)
Now, by Lemma 1 in §2, fix for each By an open interval Cy O Bj such that

vC, — < vBy.

g
2k+1
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Then (2) yields
N 1 € I
m A+ 58 Z Z(UOk — W) = ZUCk — 56,
k k

so by o-subadditivity,
(3) mUCkSZka:ZUCkSm*A+5
k k k

Let
X =|Jc
k

Then X is open (as the Cj are). Also, A C X, and by (3),
mX <m*A +e.

Thus, indeed, m* A is the glb of all mX, A C X € G, proving (a).

In particular, if A € M*, (1) shows that m is regular (for m*A = mA).
Also, by Theorem 2, m is o-finite, and E™ € M*; so (b) follows by Theorem 1
in §7. O
Definition.

Given A C E" and p € E™, let p+ A or A+ p denote the set of all points
of the form

T+p, T€A.
We call A + p the translate of A by p.

Theorem 4. Lebesgue outer measure m* and Lebesque measure m in E™ are
translation invariant. That is,

(i) (VACE") (Vpe E") m"A=m"(A+p);
(ii) if A is L-measurable, so is A+ p, and mA = m(A + p).

See also Problem 7 in §10.

Proof. (i) If A is an interval with endpoints a and b, then A+ p is the interval
with endpoints a + p and b + p. (Verify!)
Hence the edge lengths of A and A + p are the same,
Ek:bk—ak:(bk—l—pk)—(ak—i—pk), k=1,2,...,n.
Thus

mA =vA = H&C =m(A+p);
k=1

so the theorem holds for intervals.
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In the general case, m* A is the glb of all basic covering values of A. But a
basic covering consists of intervals that, when translated by p, cover A+ p and
retain the same volumes, as was shown above.

Hence any covering value for A is also one for A + p, and conversely (since
A, in turn, is a translate of A+ p by —p).

Thus the basic covering values of A and of A+ p are the same, with one and
the same glb. Hence

m*A=m*(A+p),

as claimed.
(ii) Now let A € M*. We must show that
A+pe M*,
i.e., that

(VXCA+p) (VY C—(A+p) m'X+m'Y =m"(XUY).

Thus fix X CA+pand Y C —(A+ p).
As is easily seen, X —p C A and Y — p C —A (translate all by —p). Since
A e M*, we get

m*(X —p)+m*(Y —p) =m" (X UY) —p).
(Why?) But by (i), m*X = m*(X —p), m*Y =m*(Y — p), and
m (XUY)=m*(XUY)—p).

Hence
m* X +m'Y =m* (X UY),

and so A+ p € M*.
Now, as m* = m on M*, (i) yields mA = m(A + p), proving (ii) also. O

Problems on Lebesgue Measure
1. Fill in all details in the proof of Theorems 3 and 4.
1’. Prove Note 2.
2. From Theorem 3 deduce that
(WVACE")(3Be€Gs) ACBandm"A=mB.
[Hint: See the hint to Problem 7 in §5.]

3. Review Problem 3 in §5.

4. Consider all translates
R+p (peEY
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of
R = {rationals in E'}.

Prove the following.

(i) Any two such translates are either disjoint or identical.
(ii) Each R + p contains at least one element of [0, 1].
[Hint for (ii): Fix a rational y € (—p,1 —p),s00<y+p < 1. Then y+p € R+ p,
and y +p € [0,1].]
5. Continuing Problem 4, choose one element ¢ € [0, 1] from each R + p.
Let @ be the set of all ¢ so chosen.
Call a translate of @, Q +r, “good” iff r € R and |r| < 1. Let U be
the union of all “good” translates of Q.
Prove the following.

a) There are only countably many “good” @ + r.
b) All of them lie in [—1,2].
c

(c) Any two of them are either disjoint or identical.

(
(
(d) [0,1] CU C [-1,2]; hence 1 <m*U < 3.
[Hint for (c): Suppose

ye(@+m)N(@Q+r).

Then
y=q+r=q¢+7 (¢4 €Q, rr' € R);

soq=¢q + (r' —r), with (r' —r) € R.
Thus g € R+q' and ¢ =0+ ¢’ € R+ ¢q'. Deduce that ¢ = ¢’ and r = 7’; hence
Q+r=Q+r]

6. Show that @ in Problem 5 is not L-measurable.

[Hint: Otherwise, by Theorem 4, each @ + r is L-measurable, with m(Q + r) = mQ.
By 5(a)(c), U is a countable disjoint union of “good” translates.

Deduce that mU = 0 if mQ = 0, or mU = oo, contrary to 5(d).]

7. Show that if f: S — T is continuous, then f~1[X] is a Borel set in S
whenever X € Bin T.
[Hint: Using Note 1 in §7, show that

R={XCT|f'X]eBinS}
is a o-ring in T. As B is the least o-ring O G, R O B (the Borel field in T.]

8. Prove that every degenerate interval in E™ has Lebesgue measure 0,
even if it is uncountable. Give an example in £2. Prove uncountability.
[Hint: Take @ = (0,0), b= (0,1). Define f: E' — E? by f(z) = (0,2). Show that f
is one-to-one and that [a, b] is the f-image of [0, 1]. Use Problem 2 of Chapter 1, §9.]
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10.

11.

12.

*13.

14.

15.
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Show that not all L-measurable sets are Borel sets in E".

[Hint for E2: With [a,b] and f as in Problem 8, show that f is continuous (use the
sequential criterion). As m[a,b] = 0, all subsets of [a, b] are in M* (Theorem 2(i)),
hence in B if we assume M™* = 3. But then by Problem 7, the same would apply to
subsets of [0, 1], contrary to Problem 6.

Give a similar proof for E™ (n > 1).
Note: In E', too, B # M*, but a different proof is necessary. We omit it.]

Show that Cantor’s set P (Problem 17 in Chapter 3, §14) has Lebesgue
measure zero, even though it is uncountable.
[Outline: Let

U=][0,1] — P;

so U is the union of open intervals removed from [0, 1]. Show that
1 o= /2\"
v=-30(5)" =1
mU=52(3
and use Lemma 1 in §4.]

Let p: B — E* be the Borel restriction of Lebesgue measure m in E”
(§7). Prove that

(i) p in incomplete;

(ii) m is the Lebesgue extension (*and completion, as in Problem 15
of §6) of p.

[Hints: (i) By Problem 9, some p-null sets are not in B. (ii) See the proof (end) of
Theorem 2 in §9 (the next section).]

Prove the following.
(i) All intervals in E™ are Borel sets.

(ii) The o-ring generated by any one of the families C or C’ in
Problem 3 of §5 coincides with the Borel field in E™.

[Hints: (i) Any interval arises from a closed one by dropping some “faces” (degenerate
closed intervals). (ii) Use Lemma 2 from §2 and Problem 7 of §3.]

Show that if a measure m’: M’ — E* in E™ agrees on intervals with
Lebesgue measure m: M* — E*, then the following are true.

(i) m" = m on B, the Borel field in E™.
(ii) If m’ is also complete, then m’ = m on M*.
[Hint: (i) Use Problem 13 of §5 and Problem 12 above.]

Show that globes of equal radius have the same Lebesgue measure.
[Hint: Use Theorem 4.]

Let f: E™ — E™, with

f()=cz (0<c< ).
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Prove the following.
(i) (VA C E™) m*f[A] = ¢"m*A (m* = Lebesgue outer measure).
(i) A e M*iff f[A] € M*.

[Hint: If, say, A = (a,b], then f[A] = (ca,cb]. (Why?) Proceed as in Theorem 4,
using f~1 also.]

16. From Problems 14 and 15 show that
(i) mGp(er) = ¢ - mGp(r);
(i) mGp(r) =mGy(r);
(iii) mGp(r) = a-ml, where I is the cube inscribed in G5(r) and
a= (%ﬁ)n -mGy(1).
[Hints: (i) f[G5(r)] = Gg(er). (i) Prove that
mGp < mGp < c"mGp
ife>1. Let ¢ — 1]

17. Given a < bin E!, let {r,} be the sequence of all rationals in A = [a, b].

Set (Vn)

b—a

Op = on+1
and ) .
Gn = (an,by) = (a,b) N <7’n — §6n, Ty + §5n)
Let
P=A-|]G,
n=1

Prove the following.
(i) Yoo, 0p = 2(b—a) = 2mA.
(ii) P is closed; P° =), yet mP > 0.
(iii) The G,, can be made disjoint (see Problem 3 in §2), with m P still

> 0.
(iv) Construct such a P C A (P = P, P° = () of prescribed measure
mP =¢ > 0.

18. Find an open set G C E!, with mG < mG < .
[Hint: G = ;2 ; Gn with G, as in Problem 17.]

*19. If A C E™ is open and convez, then mA = mA.
[Hint: Let first 0 € A. Argue as in Problem 16.]
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89. Lebesgue—Stieltjes Measures

Let
a: B' — B!

be a nondecreasing function (7). Consider the Lebesgue—Stieltjes set function
Sq (Example (d) in §4).
As we noted in Problem 7 of §4, s, > 0 when «T; for then

Sq(a,b) = a(b—) — ala+) > 0.

Similarly for other intervals. Also, ) € C and s,0) = 0 by definition.
Thus s, is a premeasure on C (finite intervals in E'), called the a-induced
Lebesque—Stieltjes (LS) premeasure in E1.

The outer measure m?, induced by s, (§5) is called the a-induced LS outer
measure; its restriction to the family M7, of m} -measurable (or LS-measurable)
sets is the a-induced LS measure on E', denoted my,.

Recall that, by our definitions, premeasures, outer measures, and measures
are all nonnegative.

Note 1. No generality is lost by assuming that « is right continuous (if not,
replace it by the right-continuous function 371, with §(z) = a(xz+)). Similarly,
one achieves left continuity by setting §(z) = a(z—).

Note 2. If « is right continuous, one often restricts s, to the family C* of
all half-open intervals (for motivation, see Problem 7(iv) in §4). This does not
affect m}, or m, (Problem 3’ in §5), and simplifies the proof of additivity

Sa(a,b] + sq(b,c] = a(b) — ala) + a(c) — a(b) = alc) — ala) = sq(a,c].

Recall that both C and C* are semirings (Note 1 in §1).

Theorem 1. The LS premeasure s, is o-additive on the semiring C of all
finite intervals in E'.

Hence (by Theorem 2 in §6) all such intervals are LS-measurable (C C M%),
and

maA = 5, A

for any such interval A.

Proof. As is easily seen, s, is additive (Problem 7 of §4).
It also satisfies Lemma 1 of §1 and Lemma 1 in §2 (Problem 7(v) in §4).
The proof of o-additivity is then quite analogous to that of Theorem 1 of §2;
we omit its repetition.
The rest is immediate by Theorem 2 of §6. [J
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Similarly, the proofs of Theorems 2 and 3 (but not 4) of §8 carry over to
LS measures. Thus LS measures are complete, topological, totally o-finite and
strongly reqular.

As in §8, it follows that singletons and countable sets are measurable, but
their LS measure need not be 0 (Problem 8(iii) in §4).

Also, E' € M, but m,E' may be finite (Problem 8(ii)(ii’) in §4).
Since the proofs are the same as in §8, we omit them.
Note, however, the following facts.

(i) For singletons, ma{p} = 0 iff v is continuous at p (Problem 7(ii) in §4).
(ii) Hence
mala, b] = meq(a,b] = myfa,b) = mq(a,b) = a(b) — ala)
iff v is continuous at a and b (Problem 7(iv) in §4).
(iii) LS measures need not be translation invariant (Problem 8(i) of §4).
(iv) If a(x) = x on E', then m? = m* (= Lebesgue outer measure in E').

Thus Lebesgue measure is a special case of LS measure.

The latter is a kind of “weighted length.” Imagine that mass is distributed
along the line, with a(z) equal to the mass of

(—o0, x].

For simplicity, assume that « is right-continuous (cf. Notes 1 and 2). Then the
mass of (a, b] is

a(b) — a(a),
and p is a “point mass” iff

ma{p} > 0.

Our next theorem shows that LS measures practically exhaust all topological
measures in B! of any importance. We shall use Notes 1 and 2 above.

*Theorem 2. Let m: M — E* be a topological measure in E', finite on C*
(half-open intervals). Then there is an LS measure mg, such that

Mo =M
on the Borel field B in E*.
If m is also complete, then my = m on all of M.
Proof. Define « as follows:
m(0,z] if x>0,
a(r) = .
—m(x,0] if z <O0.

Clearly, al on E'. Also, the right continuity of m (Theorem 2 of §4) implies
that of a. (Verify!)
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Thus « induces an LS measure m,, with
Mme(a,b] = sq(a,b] = a(b) — a(a)

(Problem 7(iv) in §4). We claim that m, = m on B.

First, consider any (a,b] € C*. If 0 < a < b, then

m(a,b] = m(0,b] —m(0,a] = a(b) — a(a) = my(a,bl.
Similarly in the cases a < 0 < b and a < b < 0. Thus
me = m (finite) on C*.
By Problem 13 in §5,
Mme = m on B,

the o-ring generated by C* (Problem 12 of §8). Thus m and m,, have the same
restriction to B (call it p).

Now, by Note 3 in §6, u induces an outer measure p*.
As B D CZ, both p* and m}, are B-regular, by Theorem 3 in §5. Thus

VACEY mi(A) =inf{uX|AC X € B} =u*A,
( I 0

«

ie., m}, = p*, and so m, is the restriction of both m} and p* to measurable
sets. Hence m,, is the Lebesgue extension of u, by definition.

By Problem 17 in §6, m, = @ is the “least” complete extension of p. Thus
it m is complete, it is an extension of m,; so m = my on M7, as claimed. [

Problems on Lebesgue—Stieltjes Measures

1. Do Problems 7 and 8 in §4 and Problem 3’ in §5, if not done before.

2. Prove in detail Theorems 1 to 3 in §8 for LS measures and outer mea-
sures.

3. Do Problem 2 in §8 for LS-outer measures in E*.

4. Prove that f: E' — (S, p) is right (left) continuous at p iff
Jim f(zn) = f(p) as zn N p (20 /' D).

[Hint: Modify the proof of Theorem 1 in Chapter 4, §2.]

5. Fill in all proof details in Theorem 2.
[Hint: Use Problem 4.]

6. In Problem 8(iv) of §4, describe m}, and M}.

7. Show that if & = ¢ (constant) on an open interval I C E' then

(VACI) mi(A)=0.

«

Disprove it for nonopen intervals I (give a counterexample).
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8.

*9.

Let m': M — E* be a topological, translation-invariant measure in E*,
with m/(0,1] = ¢ < oo. Prove the following.

(i) m’ = cm on the Borel field B. (Here m: M* — E* is Lebesgue
measure in E!.)

*(ii) If m’ is also complete, then m’ = em on M*.
(ili) If 0 < ¢ < oo, some set @ C [0, 1] is not m'-measurable.
*(iv) If M’ = B, then c¢m is the completion of m’ (Problem 15 in §6).
[Outline: (i) By additivity and translation invariance,
m’(0,7] = cm(0, 7]
for rational

n
=—, nkeN
"T %

(first take r = n, then r = %, then r = 7).

By right continuity (Theorem 2 in §4), prove it for real r > 0 (take rationals
T \ 7’).

By translation, m’ = c¢m on half-open intervals. Proceed as in Problem 13 of §8.

(iii) See Problems 4 to 6 in §8. Note that, by Theorem 2, one may assume
m’ = meq (a translation-invariant LS measure). As mq = cm on half-open intervals,
Lemma 2 in §2 yields mq = ¢m on G (open sets). Use G-regularity to prove m}, =
em™® and M¥ = M* ]

(LS measures in E™.) Let
C* = {half-open intervals in E"}.
For any map G: E™ — E' and any (a,b] € C*, set
AkG(C_L, b] = G(ZL‘l, e 3 XTh—1, 0k, Ty - - ,Cl,‘n)
—G($17--- ,$k_17ak7$k+1,...,$n), ]-Skgn
Given a: E" — E', set
Sa (@, 0] = A1 (Ag(-- - (Ana(a,b]) ---)).

For example, in E?,

Sa(a,b] = a(by,by) — a(by, az) — [a(ar,b2) — alar, az)].

Show that s, is additive on C*. Check that the order in which the A,
are applied is immaterial. Set up a formula for s, in E3.

[Hint: First take two disjoint intervals
(a,q) Y (p, B] = (&,B],

as in Figure 2 in Chapter 3, §7. Then use induction, as in Problem 9 of Chapter 3, §7.]
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*10. If s, in Problem 9 is nonnegative, and « is right continuous in each
variable xj separately, we call a a distribution function, and s, is called
the a-induced LS premeasure in E™; the LS outer measure m}, and
measure

Me: M), — E*
in E™ (obtained from s, as shown in §§5 and 6) are said to be induced
by a.
For s,, m},, and m, so defined, redo Problems 1-3 above.

*§10. Vitali Coverings

Lebesgue measure m leads to an interesting analogue of the Heine-Borel the-
orem. Below, m* is Lebesgue outer measure in E". We start with some
definitions.

Definition 1.

A sequence {I;} of sets in a metric space (S, p) converges to a point p

(Ik — p) iff
pE n Iy,
k=1
and
klim dfk = 0,

where dI;, = diameter of I.

Definition 2.

A family K of nonempty sets in (S, p) is a Vitali covering (V -covering)
of a set A C (S, p) iff for each p € A there is a sequence {I}.} C K, with
I, — p.

We then also say that K covers A in the Vitali sense (V -sense).

Theorem 1 (Vitali). If a set K of nondegenerate cubes (or globes) in E™
covers A in the V-sense, then

m*(A—|JI) =0
k

for some disjoint sequence {I}.} C K.

Proof. We give the proof for cubes (it is similar for globes).

First, suppose A C I° for some open cube I°. Then A is also covered in the
V-sense by the subfamily K° C IC of those cubes that lie in 1°. (Why?) We also
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assume that A ¢ |JI; for any disjoint finite sequence {I;} C K (otherwise, all

is trivial). Finally , we assume that all cubes in K are closed; for other kinds
of cubes, the theorem then easily follows (see Problem 3 below).

We claim that

h
(1) (V disjoint cubes I,... I € K°) (3T € K°) IN U I, =0.
j=1

Indeed, as
h
A¢ L,
j=1
there is some

h
peA-J I,

j=1

By assumption, all I are closed; so

is open. Hence there is a globe
h
G-I
j=1
As K°? is a V-covering, it contains a sequence I; — p, dI; — 0; so there is

I =1; € K° with p € I and dI < §. Therefore,

SO

as claimed.

Now, using induction, suppose we have already fixed k disjoint cubes /; in
K°. By (1), there are cubes I € K° with

k
InlJr=0.
j=1
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Let 65 be the lub of their diameters. As all I € K° lie in I°,

k
5k:sup{dI’I€lC°, IQ—UIj}§d10<oo.

J=1

Hence by properties of the lub, we find a cube Ix,; € K° such that

k
Lc-Jrn
and Iy, > 15 =
In this way, taking k = 1,2,..., we select a disjoint sequence {I;} C K°
with dIy41 > 16 for all k. We shall show that

oo

m*(A—UIk) =0

k=1

in four steps.
(I) Let ¢x be the edge length of Iy; so dIy = {i/n. (Why?)
Enclose each I, in a cube J, with the

same center and with edge length T
(4n + 1) ly.

Then 22

Viel) (V5 ¢ i) —

( T € g Y k L | 7= P/ — "‘y
(2) p(Z,9) > 2nly > 20g/n

=2dl > 0p_1.
(See Figure 32, where n = 2.) Also, o
k

mdi = (4n + 1)" mIj.

(IT) As the I}, lie in I°, the o-additivity of m yieldsFT6URE 32

Zka = (4n+1)" Zm[k
k=1 k=1
=An+1)"m U I
k=1

< (An+1)"mlI° < oc.

Thus the series > mJy converges; so its “remainder” tends to 0:

Tllrgoika =0.
k=r
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Also, mJyr — 0. But by definition,

O < 2dIiy1 < 2dJir1 = 2v/n (mJig)V™  (n fixed).

Hence lim ¢, = 0, too.
k—oo
(ITI) Now, seeking a contradiction, suppose

oo

m*(A— Ulk) > 0.

k=1
Then as
o0
TIEI;O Zka =0,

k=r
there is r such that

m[j Ji Sika <m*(A— [jsz)
k=r k=r

k=1

Hence
A-Jn g |
k=1 k=r

(Why?) Thus there is

JIES A— U I,
k=1

not in

U Jk7

k=r
so that
(3) (Vk>r) p#Ji, pEA andpe— | J I € - | In.

k=1 k=r
As

k=1
we find (as before) a cube K € K° such that p € K and

KQOIk:@.

k=1

183
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Also, as 0 — 0, we have d; < dK for large k. But by our choice of the g, this
implies

k
Kn| ]I #0
j=1
for large k (why?), whereas
Kn| ]I =0,
j=1

as shown above.
Thus there is a least k > r, call it ¢, such that

KNI, #0,

and 5q <dK < 5q—1'

By 3),p & J,;. As
KnlI, #0,

let z € KN1,. Since z,p € K,
p(Z,p) <dK < dg4—1.
But as z € I, and p € Ji, we have
p(Z,p) > 0g—1

by (2).
This contradiction proves the theorem for bounded sets A.

(IV) If A is not bounded, use Lemma 2 in §2 to find a sequence {K;} of
disjoint half-open intervals with

JEi=E"2 A
Let
A, =ANKY,
where K7 is the open interval with the same endpoints; so mK; = mKY and
m(KZ — KZO) =0.
Set

Z = G(Ki—Kio);

=1

somZ =0 and

UKO En
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(Why?) As A, = AN K7, we have
(4) UAi=An|Ky=An(E"-2)=A-Z
=1 =1

Clearly, each A; is covered in the V-sense by those K-cubes that lie in K?.
Thus as shown above,

J
for disjoint cubes I;; C K. That is,

(vi) | JI;uzi2 A,
J

where
Zi=A; — |1y

J

and mZ; = 0. Hence by (4),
UUnuz2Jai=4-2
i=1 j i i
so that
,J
Rearranging the I;; in a single sequence {Ij}, we complete the proof. [

Theorem 2. If m*A < oo in Theorem 1, then for every e > 0 there is a finite
disjoint sequence {I} C K such that

m*<A_LkJIk> <e.

Proof. Fix ¢ > 0. As m*A < oo, the G-regularity of m* (Theorem 3 of §8)
yields an open G O A such that

mG <m*A+e.

Clearly, A is covered in the V-sense by the subfamily K¢ of those K-sets that
lie in G. Thus by Theorem 1,

nﬁ(A-L)@>::o
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for a disjoint sequence {I} C K°. Also,

UIk C@q,

and so
Zm[k :mUIk; <mG < .

Thus > mlIy converges; so

for large r.
On the other hand,

Hence

T oo

m*(A— Ufk;> Sm*(A— Gfk)+m* Ulk§0+§:mlk<5a
k

k=1 k=1 =r k=r

as required. [

As an application, we obtain the following important theorem.

Theorem 3 (Lebesgue). If f: E* — E' is monotone, it is differentiable al-
most everywhere (“a.e.”), i.e., on E' — Z for some Z of Lebesque measure
Z€ro.

We sketch the proof in a few steps (lemmas). These lemmas anticipate a
more general approach to be taken in §12, with the notation in the following
definition.

Definition 3.

Let m = Lebesgue measure and
K = {all cubes I C E™ with mI > 0}.

Let
s: M —[0,00], M DK,

be another measure in E™, finite on K.
For any natural » > 0, and p € E", we set

I _ 1
gr(p):inf{s— ‘pGIEIC, dI < —}
ml r
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and
1 — 1
h.(p) :sup{s— '}36 Iek, dI < —};
ml r
furthermore, we denote
Ds(p) = sup g,(p) and Ds(p) = irv}f h.(p).

Clealy, {g,}1, {h,}], and

0 < Ds = lim g, < lim h, = Ds

at each p € E". (Why?)
We also write J(Ds > i) for

{z € J| Ds(z) > i},

J(Ds = a) for
{z €| Ds(x) = a}.

etc.

Lemma 1. With the above notation, 0 < Ds < Ds < 00 a.e. on E™.

Proof Outline. Fix any open set J C E™, with mJ < oo and sJ < oo (e.g., an
open cube in K).
Fori=1,2,... set
A, = J(ES > Z)

and

— I
&:{Ienwm;Li—>4.
ml
Verify that K; is a V-covering of A;; so there is a disjoint sequence {1} C K;,

with
nf<A,—LJ@>:0

UQQJ

and

Hence (cf. Problem 3 below)

1 1 sJ
*A; < I = I, < = I=>s| |l <ZX, i=1,2,....
m _mUk ka_iZSk iSUk_i 1
It follows that

i=1
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(Why?) But

ﬁ A; = J(Ds = ).
i=1

(Why?) This implies that

m*J(Ds = o00) = 0,

and so Ds < oo on J, except for a null set.

But by Lemma 2 in §2, all of E™ is a countable union of such sets J (open
cubes). Thus Ds < oo on E" — Z, where Z is a countable union of null sets:
mZ = 0.

As 0 < Ds < Ds on all of E", we have

0<Ds<Ds<oo ae. onkE",
as claimed. O

Lemma 2. With the same notation, Ds = Ds a.e. on E™.

Proof Outline. With J as in the previous proof, let
H = J(Ds > Ds).
Then H is a countable union of sets
Hy, = J(Ds > v >u> Ds)

over rational u,v. Thus it suffices to show that all such H,, are m-null.
Let @ be one of them; so @ C J and

m*Q < mJ < oo.

Hence given € > 0, there is an open set G C J with G O Q) and
mG < m*Q +¢.

(Why?) We fix this G and set

— 1
IC:{IEIC‘IQG, S—<u}.
ml
By the definition of Ds, K is a V-covering of @ (verify!); so by Problem 3,
m* (Q N UI,‘;) =m*Q

for a disjoint sequence

{.,}ck, Jca.
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Let -
¢ =
k=1
(an open set), and Q, = Q N G’; so
m*Q =m*Q, < mG* <mG <m*Q +e¢.
(Explain!)

Next, let

K’:{IGE'IQG’, S—[>v}
ml

It is a V-covering of @, (why?); so
m(Qo—J1t) =0
for a disjoint sequence {I; } C K'. Verify that
u- (m*Q +e¢) >u-mG':u-ZmI,2

> ZSI,S = sG’
> Z:sl,fC
21}~z:mI;’€:v-mLJL{C
Zv~m*<QoﬂUI{c> =v-m'Q,=v-m"Q.

Thus
(Ve>0) u-(m"Q+¢e)>v-m"Q.

Making ¢ — 0, we get
u-m*Q>v-m-Q.

As u < v, m*A must be 0. This is the desired result. [

Proof of Theorem 3. To fix ideas, let fT.
Let s = my be the f-induced LS measure in E' (§9) so that
slp, x] = f(z+) — f(p—).

By Lemmas 1 and 2, it suffices to show that f is differentiable at every p € E*,
with
Ds(p) = Ds(p) # oo.

Fix any such p and set
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Then f s continuous at p; for otherwise,

flp+) = f(p—) >0,

whence

Ds(p) = oo.
(Why?) Also, by Definition 3, given € > 0, there is a natural r such that

¢g—e<gr(p) <h(p) <qg+e.

T € Gﬁp<%>.

Let

If x > p, then
Az =x —p=mlp, x|,

and by continuity,
Af=fx)—fp) < flz+) = f(p)
= f(z+) = f(p—) = s[p, 7]
< Az - h.(p) < Az(q+¢).
Also, if x > y > p, then

Af = fly+) — flp—) = slp.y] = Ay - g:(p) > Ay(q —€),
where
Ay=y—p=mlp,yl
Making y " x, with z fixed, we get
(g—e)Ax < Af < (q+e¢)Ax.
Similarly in the case z < p.
Thus with € — 0, we obtain

f’(p)za{iir;)%zq#oo- O

Problems on Vitali Coverings

1. Prove Theorem 1 for globes, filling in all details.
[Hint: Use Problem 16 in §8.]

=-2. Show that any (even uncountable) union of globes or nondegenerate
cubes J; C E™ is L-measurable.

[Hint: Include in K each globe (cube) that lies in some J;. Then Theorem 1 represents
U Ji as a countable union plus a null set.]
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3. Supplement Theorem 1 by proving that

m*<A—UI,3) ~0

m*Azm*(AﬂUI,S);

here I° = interior of I.

and

4. Fill in all proof details in Lemmas 1 and 2. Do it also for K = {globes}.
5. Given mZ = 0 and € > 0, prove that there are open globes

G, C E",
with N
zcl|JaGi
k=1
and

o0
Z mGr, < €.
k=1

[Hint: Use Problem 3(f) in §5 and Problem 16(iii) from §8.]
6. Do Problem 3 in §5 for
(i) C’" = {open globes}, and
(ii) C’ = {all globes in E™}.

[Hints for (i): Let m’ = outer measure induced by v’: C’ — E'. From Problem 3(e)
in §5, show that
(VACE™ m'A>m*A.

To prove m’A < m* A also, fix € > 0 and an open set G O A with
m*A + e > mG (Theorem 3 of §8).
Globes inside G cover A in the V-sense (why?); so
AC ZU| Gy (disjoint)
for some globes G, and null set Z. With Gj as in Problem 5,

m'A < Z(mG,€ +mGL) <mG+e <m*A+ 2¢]

7. Suppose f: E" &% pFn s an isometry, i.e., satisfies

|f(z) = f@)| =z —y| forz,yeE"
Prove that
(i) VAC E™) m*A =m*f[A], and
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(i) A e M*iff f[A] € M*.

[Hints: If A is a globe of radius r, so is f[A] (verify!); thus Problems 14 and 16 in §8
apply. In the general case, argue as in Theorem 4 of §8, replacing intervals by globes
(see Problem 6). Note that f~! is an isometry, too.]

From Problem 7 infer that Lebesgue measure in E™ is rotation invariant.
(A rotation about p is an isometry f such that f(p) = p.)

A V-covering K of A C E™ is called normal iff
(i) VIe K)0<ml=mI° and
(ii) for every p € A, there is some ¢ € (0,00) and a sequence
Iy —p ({Ix} €K)
such that
(Vk) (Jcube Jp D I) c¢-m* I > mJg.
(We then say that p and {I;} are normal; specifically, c-normal.)

Prove Theorems 1 and 2 for any normal K.
[Hints: By Problem 21 of Chapter 3, §16, dI = dr.
First, suppose K is uniformly normal, i.e., all p € A are c-normal for the same c.

In the general case, let
A;={z € A|Zisinormal}, i=1,2,...;

so K is uniform for A;. Verify that A; ~ A.
Then select, step by step, as in Theorem 1, a disjoint sequence {[;} C K and

naturals n; < ng < --- <mn; <--- such that
(Vi) m* (Ai - U Ik) < -
7
k=1
Let
[e @]
U=J I
k=1
Then

(Vi) m*(A; —U) < %

and
A -U /S A-U.

(Why?) Thus by Problems 7 and 8 in §6,

m*(A—U) < lim = =0]

1—00 1

9. A V-covering K" of E™ is called universal iff

(i) (VIeK)0<ml=mI°< oo, and
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10.

11.

(ii) whenever a subfamily K C K covers a set A C E™ in the V-sense,
we have
m*(A-Jn) =0
for a disjoint sequence
{I} C K.
Show the following.
(a) K C M*.
(b) Lemmas 1 and 2 are true with K replaced by any universal K . (In
this case, write D*s and D" s for the analogues of Ds and Ds.)
(¢) Ds=D*s =D s=Ds a..

[Hints: (a) By (i), I = I minus a null set Z C T — I°.

(c) Argue as in Lemma 2, but set
Q=J(D*s>u>v>Ds)

and

m

IC’:{IGE*

I
Ica, S—I>v}

to prove a.e. that D*s < Ds; similarly for Ds < D*s.

Throughout assume that s: M’ — E* (M’ D KUK") is a measure in E™, finite
on CUK"
Continuing Problems 8 and 9, verify that

(a) K = {nondegenerate cubes} is a normal and universal V-covering
of E™;

(b) so also is K~ = {all globes in E"};
(c) C = {nondegenerate intervals} is normal.
Note that C is not universal.!

Continuing Definition 3, we call g a derivate of s, and write ¢ ~ Ds(p), iff

for some sequence I, — p, with I, € K.
Set
Dy ={q€ E"[q~ Ds(p)}

and prove that

Ds(p) = min Dj and Ds(p) = max Dj.

1 See M. E. Munroe, Measure and Integration, Addison-Wesley (1971), pp. 173-175.
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12. Let £* be a normal V-covering of E™ (see Problem 8). Given a measure

s in E™, finite on K* U K, write
q~ D*s(p)
iff

for some normal sequence Iy, — p, with I, € IC*.

Set
D; = {¢e E* | q~ D*s(p)},
and then
D*s(p) = inf D and D" s(p) = sup Dj.
Prove that

e
Ds=D*s=D s= Ds a.e. on E".
[Hint: E™ = J;2, E;, where

E; ={z € E" | z is 4-normal}.

On each E;, K* is uniformly normal. To prove Ds = D*s a.e. on E;, “imitate”
Problem 9(c). Proceed.]

*§11. Generalized Measures. Absolute Continuity

I. We now return to general set functions s: M — E, with E as in Definition 1

of §4.

Definition 1.

A set function s: M — FE is a generalized measure in a set S, and
(S, M, s) is a generalized measure space, iff s is o-additive and semifi-
nite (i.e., s # +00 or § # —oc0) on M, a o-ring in S, and s@) = 0.

We call s a signed measure iff E C E* (i.e., s is real or extended real);
if s > 0 then s is a measure; s may also be complex (E = C) or vector
valued.

Definition 2.

Given a set function s: M — FE, we define its total variation
vs: M — [0, 0]

by
VAeM) vA= supz |s X5,



*811. Generalized Measures. Absolute Continuity 195

taking the sup over all countable disjoint subfamilies {X;} C M with
U; Xi C A.

Note 1. If M is a o-ring, we may equivalently require that

Uxi=4

with {X;} a disjoint sequence in M (add the term X, = A — |J, X; if neces-
sary).t

Corollary 1. Ifs and vs are as in Definition 2, then

(i) vs is monotone on M, and
(i) |sA| < vsA for every A € M.

Proof. For (i), let A C B, A, B € M. Take any disjoint sequence {X;} C M,
with
UJxicacn.

By definition,
Z |sX;| < vsB.
Thus vsB is an upper bound of all such sums, with | J X; C A. Hence
v A = lubz |sX;| <wvsB,

proving (i).
To prove (ii), just let {X;} consist of A alone. O

Theorem 1. If s: M — FE is a generalized measure, then vs is a measure

on M.

Proof. By definition, vy > 0 on M, a o-ring, and vs0) = 0. (Why?) It remains
to prove o-additivity.
Thus let
A= U A, (disjoint),

with A, A,, € M. To show that
VA = Z vsAn,

take any M-partition {X;} of A. Then
(Vi) Xi=X;nA=X;n|JA, = J(XinA4,) (disjoint).

n

1 Any such {X;} is called an M-partition of A (Chapter 8, §1); it may consist of A alone.
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Similarly,

so by definition,

Hence as

we get

=> D s(4.nXy)
<) s(An N X <) wA
As {X;} was an arbitrary M-partition of A,

v A = supz |s X;| < ZUSA

It remains to show that

D |sX| =

[

n

Z v A, <v,A

This is trivial if v, A = 0.
Thus let v4A < 0o. Then

(Vn) v, <vsA < o0

by Corollary 1(i). Now fix ¢ > 0. By properties of lub, each A, has an M-
partition,
An = U Xnka
k

such that

€
Ap = o < >[5 Xnkl.
k
All X, combined (for all n and k) form an M-partition of A. Thus by defini-

tion,
v A > ZZ |s X k| > Z(USAn — 2%) > szAn — €.
n k n n

With € — 0, we get

Z v A, <vsA
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as required. [

Definition 3.

Given

s:M—FEandt: M — E'?
we say that s is
(i) t-continuous (written s < t) iff
uX=0=[sX|=0 (X eM);

(ii) absolutely t-continuous (or absolutely continuous with respect to
t) iff
nX — 0= sX — 0,
ie.,
(Ve>0) (36>0) (VX eM) nX<d= |sX]|<e¢;
(iii) t-finite iff

nX <oo= [sX|<o0 (XeM).

Corollary 2. If two set functions s,u: M — E are t-continuous (absolutely
t-continuous) so are s &+ u, and so is ks for any k from the scalar field of E.3

The proof is left to the reader. (Use Definition 3(i)(ii), quantified formula.)
Theorem 2. Let s: M — E andt: M' — E’.
(i) If s < t, then vs < t.

(ii) If, in addition, s and t are generalized measures and vs is t-finite, then
both vs and s are absolutely t-continuous.

(iii) vs < t implies s < t (which is obvious).
Proof. Fix A € M and any disjoint sequence X; € M, with
UXi C A.
If v, A = 0, then (Corollary 1)

2 For the rest of this section, we assume that M and M’ satisfy X € M whenever X € M’
and v X < oo.
31f E = E*, we assume k € E'. If s is scalar valued, k may be a vector in E.
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so by the t-continuity of s, |sX;| = 0, and hence >_ [sX;| = 0. As this holds for
any such sum, we also have

VA = Supz |sX;| =0

whenever v, A = 0. This proves assertion (i).
Now, let s and ¢ be as in (ii); so vs and v; are measures by Theorem 1.
Suppose vy is not absolutely ¢t-continuous. Then

(Fe>0) (V6>0) 3X eM) uX <dandvX >e.

(Why?) Taking
dp =27",

fix (Vn) a set X,, € M’ with
1 X, <27 " and v, X,, > €.
Let - -
Y, =J XpandV = () Yo

k=n n=1

soY,Y, e MY, \\Y, and
vrY, < i v X < i 27k < otmm,
k=n k=n
Thus by Theorem 2 in §4 (right continuity),

»Y = lim Y, < lim 2! =0.

n—oo n—oo

Hence by the t-continuity of vy (see (i)),
V.Y =0 <e.
On the other hand, as Y,, O X,,, we have
VgYp > Vs Xy > €.
Also, v;Y,, < 2" implies v,Y,, < oo (v is t-finite). Hence

vsY = lim vgY, > ¢,
n—od

a contradiction. Thus vy is absolutely t-continuous.
So is s; for by Corollary 1(ii), we have

Ve>0)(F6>0) (VX eM) nX <d=[sX|<v,X <e,

proving (ii). O
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Note 2. Absolute t-continuity always implies t-continuity.*

II. Special notions apply to signed measures. First of all, we have the following
definition.

Definition 4.

A set A C S in a signed measure space (S, M, s) is called positive (nega-
tive) iff sX >0 (sX <0, respectively) whenever

ADX, X e M.
We set
MT ={X € M| X is positive}

and
M™ ={X € M| X is negative}.

The easy proof of Lemmas 1 and 2 is left to the reader.
Lemma 1. In any signed measure space, M and M~ are o-rings.
Lemma 2. If s,t are signed measures on M, then

(i) so is ks (k € E1);

(ii) so also are s +t, provided s ort is finite on M.

Note 3. Lemma 2 applies to generalized measures s,t: M — E as well.

Lemma 3. Let s: M — E* be a signed measure. Let A € M, 0 < sA < 0.
Then A has a subset Q € M™ such that

0 < sA <s@Q < .

Proof. If A € MT, take Q = A.

Otherwise, A has subsets of negative measure. Let then n; be the least
natural for which there is a set A; € M, with

1
A; C Aand s4; < ——.

ni
(why does such n; exist?); then

s(A—A;) > sA>0.

Now, if A — A; € M™T, take Q = A — A;. If not, let ny be the least natural
for which there is As € M, with

1
AQ QA—Al and SAQ < -

na

4 For if v;X = 0, then v, X < § for any § > 0. Thus Definition 3(ii) implies (Ve > 0)
|sX| < €; hence |sX]| = 0.
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Again, if
2
A-J4
i=1
is positive, put
2
Q=A-[]JA:.
i=1
If not, let n3 be the least natural for which there is A3 € M, with
2
A3 CA- A
i=1
and
1
sAz < ——.
n3

Continuing, we either find the desired () at some step or obtain a sequence
{Ar} € M such that

k

1
(1) (Vk€N) sAp<—— and Ay CA— | J A4
Mk i=1

(so the Ay are disjoint). In the latter case, let

Q=A4-{J A
k=1
SO
A=QU U Ay (disjoint),
k=1
and

sQ + ZsAk = sA.
k

As |sA| < oo (by assumption), Y sAy converges. By (1), then,

Therefore,

ie.,
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Also, as sAr < 0 and sA > 0, we have
SQ:sA—ZsAk > sA > 0.

Now, given € > 0, choose k so large that

€ > L
ng — 1 '
As
k
i=1
our definition of the nj implies that ) can have no subsets X € M, with
1
sX < —e< — .
ne — 1

(Why?) As € is arbitrary, @) has no subsets of negative measure.
Thus Q € M*™, Q C A, and

0 < sA<sQ < oo,
as required. [

The following theorem is named after the mathematician Hans Hahn.

Theorem 3 (Hahn decomposition theorem). In any signed measure space
(S, M, s), there is a positive set P C S whose complement is negative. More-
over, P or —P can be chosen from M, according to whether s # oo or s # —o0

on M.
If S € M, both P and —P can be made s-measurable:

PcM" and —Pc M.
Proof. By definition, s is semifinite; so s # 0o or s # —oo on M; say, s # 400.
As M™ is a o-ring (Lemma 1), the restriction of s to M™ is a measure, with
0<s<
on M™. Thus by Problem 13 in §6, we fix a set P € M™ such that
sP =max{sX | X € M} < <.

By Lemma 3, sP = max sX, even on all of M.

It remains to show that —P is negative. Suppose it is not. Then —P has a
subset Y € M, with sY > 0; so

YNP=0and YUP e M.
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By additivity,
s(YUP)=sY +sP > sP,

contrary to the mazximality of sP. This contradiction settles the case s # +oo.

In case s # —o0, consider —s, which by Lemma 2 is likewise a signed mea-
sure, with —s # +00. By what was proved above, there is a set P’ € M that
is positive for —s (hence negative for s), and whose complement is positive for
S.

Finally, if S € M, then P € M implies
S—P=-PeM,
so both P and —P are in M. Thus all is proved. [J

Note 4. The set P in Theorem 3 is not unique. However, if P’ € M is
another such set, then

s(P—-P)=0=s(P' - P),
i.e., any two such sets can differ by a set of measure 0 only. Indeed,
P-P CPand P-P C-P
so s(P — P') is both > 0 and < 0. Thus s(P — P’) = 0. Similarly for P' — P.

Theorem 4 (Jordan decomposition). Every signed measure s: M — E* is
the difference of two measures,

s=st—s= (st,s7 >0),
with sT or s~ bounded on M.

Proof. Suppose s # +00 on M. Then by Theorem 3, there is a set P € M™
such that —P is negative and sP < oo. Now define, for all sets A € M,

(2) sTA=5(ANP) and s~ A= —s(A-P).
By additivity,
sA=s(ANP)+s(A—P)=sTA— s A;
so s = sT — s~ on M, as required. Moreover,
sTA=s(ANP) >0,
since AN P C P and P is positive. Similarly,
sTA=—-s(A—P) >0,

since A — P C —P and —P is negative. Thus s*,s~ > 0 on M, a o-ring.
The o-additivity of st and s~ easily follows from that of s (we leave the
proof to the reader). Thus st and s~ are measures.
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Finally, by (2),
sTA=3s(ANP)<sP < oo

for all A € M (for
sP = max{sX | X € M},

see the proof of Theorem 3). Thus s* is bounded, and all is proved.
The case s # —oo is similar. [J

Note 5. For any set X C A (X € M), we have
sX =s5TX -5 X <sTX <sTA,
for s and s~ are > 0 and monotone. Thus s* A is an upper bound of
{sX|AD X e M}.

By (2), this bound is reached when X = AN P; so it is a mazimum. Similarly
for s7; thus

(3) sTA=max{sX | AD X € M} and s” A =max{—sX | AD X € M}.
Note 6. The decomposition is not unique, for we also have
s=(s"+m)— (s~ +m)

for any finite measure m on M. However, it becomes unique if we add condition
(3). When so defined, s™ and s~ are called the Jordan components of s.

Note 7. Formula (2) shows that
(—s)" =5 and (—s)” =sT.
Corollary 3. With s, s, and s~ as in (3), we have the following.
(i) vs = st +s7; hence if s is a measure (s~ = 0), then
s=uvs=8".

(i) vy is finite (t-finite, t-continuous, absolutely t-continuous) iff st and s~
are, i.e., iff s is.

Proof. We give only an outline here.
(i) Take any M-partition
A= UXi (disjoint).

Setting
m=s"+ s,

verify that
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and

Thus mA is an upper bound of sums

This bound is reached when X1 = ANP, Xo =A— P (P asin (2)).

(i) Use Theorem 2, Corollary 2, and Definition 3. Note that vs > |s|, sT,
and s—. [

Corollary 4. A t-finite signed measure s is absolutely t-continuous iff it is
t-continuous.

In particular, this applies to finite measures.
Corollary 4 follows from Theorem 2 and Note 2, by Corollary 3.

ITI. If E = E™(C™), the function
s:M—FE
has n real (complex) components

815+ 5n,

as defined in Chapter 4, §3. As in Theorem 2 of Chapter 4, §3, one easily
obtains the following.

Theorem 5. A set function s: M — E™(C") is t-continuous (absolutely t-
continuous, additive, o-additive) iff its n components are. Hence a complex
set function s is t-continuous (etc.) iff its real and imaginary parts are.

For o-additivity, one can argue as follows. Let
o0

A= U A; (disjoint),
i=1

with A, A; € M. Use Theorem 2 in Chapter 3, §15, with p = sA and

to get pr = sk A, and
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Theorem 6. A generalized measure s: M — E"™ (C™) is t-continuous iff it is
absolutely t-continuous. It is always bounded on M, as is vs.

Proof. As s: M — E™ is o-additive, so is each of its components sg, by
Theorem 5. Thus each sy is a finite (real) signed measure, with

I

as in Theorem 4. Here the measures s; and s, are both finite (as s is).

Thus by Problem 13 in §6, they are bounded, say, s}i’ < Kj and s;; < K3 on
M. Hence by Corollaries 1 and 3,

k] < vsp, = s + s < K1 + Ko

that is, vs, is bounded on M (k =1,2,... ,n). Hence so are s and v, for

8] Sve < g,
k

(see Problem 4(iii)).

Now, as v, is finite, it is certainly t-finite. Thus by Theorem 2 and Note 2,
s is t-continuous iff it is absolutely ¢t-continuous.

This settles the case E = E", hence also £ = C' = E?. The case E = C" is
analogous. [

IV. Completion of a Generalized Measure. From Problems 14 and 15 of §6,
recall that every measure m has a completion 7. A similar construction, which
we now describe, applies to generalized measures s: M — E.

Given such an s, let M be the family of all sets X U Z, where X € M and
Z is vs-null, i.e., Z C U for some U € M, v,U = 0 (note that vy is a measure
here, by Theorem 2). That is,

M={XUZ|XeM, ZCU, UeM, v,U=0}.
We now define 5: M — E by setting
SA =sX

whenever A = X U Z, with X and Z as above.

As in Problems 14 and 15 of §6, it follows that M is a o-ring O M, and
that 5 is a o-additive extension of s, hence a generalized measure. We call 5
the completion of s. It is complete in the sense that M contains all v,-null sets
(but it may miss some subsets of X with sX = 0). If s > 0 (a measure), then
s = wvg; so our present definitions agree with Problem 15 in §6. We use these
ideas in the following part.
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V. Signed Lebesgue—Stieltjes (LS) Measures. Motived by Theorem 3 in
Chapter 5, §7, we shall say that a function

a: B' — E!
is of bounded variation on E' iff
oa=g—h,

with g1 and AT on all of E'.
Then g and h induce two LS measures m, and my, in E?.
Let p14 and py, be their restrictions to the Borel field B in E'. Then

Oq = Hg — fin

is finite for sets X € B inside any finite interval I C E' (as u, and uy, are finite
on intervals).

By Lemma 2, ¢}, is a signed measure on the B-sets in I. Moreover, o7, does
not depend on the particular choice of g1 and hT (9 —h = «) on I. For if also
a=u—v (ul,v]) on El, set

/

Onq = Hu = Ho-
Then for any (x,y] C I,
oo (@,y] = aly+) — a(z+) = og(,y]  (verify!);
so by Problem 13 in §5, ¢/, = ¢ on B-sets in I.
Thus o}, is uniquely determined by «. Its completion
Sa = 03

is the a-induced Lebesque—Stieltjes (LS) signed measure in 1.

If further p4 or py, is finite on all of B, the same process defines a signed LS
measure in all of E*.

Problems on Generalized Measures

1. Complete the proofs of Theorems 1, 4, and 5.
1’. Do it also for the lemmas and Corollary 3.

2. Verify the following.

(i) In Definition 2, one can equivalently replace “countable {X;}” by
“finite {X;}.”

(ii) If M is a ring, Note 1 holds for finite sequences {X,}.

(iii) If s: M — FE is additive on M, a semiring, so is vs.
[Hint: Use Theorem 1 from §4.]
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3. For any set functions s,¢ on M, prove that
(i) vs| = vs, and
(il) vt < avy, provided st is defined and

a = sup{|sX| | X € M}.

4. Given s,t: M — E, show that
(1) Vst < vs+ vy
(ii) vgs = |k|vs (k as in Corollary 2); and
(iii) if £ = E™(C™) and

n
s = E Skék,
k=1

then

n
Vs, S Vs S E Vsk-
k=1

[Hints: (i) If
AD UXi (disjoint),
with A;, X; € M, verify that
I(s + 1) X5| < [sX5] + [t X,
Z [(s + 1) X;| <vsA+ v A, etc,
(ii) is analogous.
(iii) Use (ii) and (i), with |eg| = 1.]
5. If g7, h1, and @ = g — h on E', can one define the signed LS measure
Sq by simply setting s, = my — my, (assuming my, < 00)?

[Hint: the domains of mgy and mj may be different. Give an example. How about
taking their intersection?]

6. Find an LS measure m, such that « is continuous and one-to-one, but
M, is not m-finite (m = Lebesgue measure).
[Hint: Take

and

7. Construct complex and vector-valued LS measures s, : M¥ — E™ (C™)
in B,
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8. Show that if s: M — E™(C") is additive and bounded on M, a ring,

So 1S vg.
[Hint: By Problem 4(iii), reduce all to the real case.

Use Problem 2. Given a finite disjoint sequence {X;} C M, let UT (U~) be the
union of those X; for which sX; > 0 (sX; < 0, respectively). Show that

Zin =sUtT —sU™ < 2supls| < o0.]

. For any s: M — E* and A € M, set

sTA=sup{sX|AD X e M}

and
sTA=sup{—-sX | AD X e M}

Prove that if s is additive and bounded on M, a ring, so are s and s~ ;
furthermore,

1
_ 1
sT ==(vs—s) >0,
2
s=sT —57, and
Vg = st + s
[Hints: Use Problem 8. Set
s = 1(v + 5)
= 5 (s )

Then (VX e M| X C A)
2sX =sA+sX —s(A—X) <sA+ (|sX]|+|s(A - X))
< sA+vsA =25 A.
Deduce that sTA < s’ A.

To prove also that s’A < sT A, let ¢ > 0. By Problems 2 and 8, fix {X;} C M,
with

n
A= X; (disjoint)

i=1
and
n
vsA —e < Z |sX;|.
i=1
Show that
n
28'A—e=viA+sA—e<sUT —sU™ +s U X; =2sUT
i=1
and

2sTA>2sU" > 25’ A — ¢
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10.

11.

Let
K = {compact sets in a topological space (S,G)}

(adopt Theorem 2 in Chapter 4, §7, as a definition). Given
stM—E, MC?27,
we call s compact regular (CR) iff

(Ve>0) (VAeM) (3BFeK) (3Geq)
FFGeM, FCACG, and v,G—ec <v,A<uv,F +e.

Prove the following.
(i) If s,t: M — E are CR, so are s £t and ks (k as in Corollary 2).

(ii) If sis additive and CR on M, a semiring, so is its extension to the
ring Mg (Theorem 1 in §4 and Theorem 4 of §3).

(iii) If £ = E™(C™) and vy < oo on M, a ring, then s is CR iff its
components s; are, or in the case £ = E', iff sT and s~ are
(see Problem 9).

[Hint for (iii): Use (i) and Problem 4(iii). Consider vs(G — F).]

(Aleksandrov.) Show that if s: M — E is CR (see Problem 10) and
additive on M, a ring in a topological space S, and if vs < oo on M,
then v, and s are o-additive, and v, has a unique o-additive extension
vy to the o-ring N generated by M.

The latter holds for s, too, if S € M and E = E™ (C™).

[Proof outline: The o-additivity of vs results as in Theorem 1 of §2 (first check
Lemma 1 in §1 for vs).

For the o-additivity of s, let

A= A; (disjoint), A, A; € M;
=1

then

‘SA — Ti:l sA;
i=1

oo
S szAi — 0
i=r

as r — oo, for
o0 oo
E ’USAZ‘:USUAZ'<OO.
i=1 i=1

(Explain!) Now, Theorem 2 of §6 extends vs to a measure on a o-field
M* DN DM

(use the minimality of N'). Its restriction to N is the desired ¥s (unique by
Problem 15 in §6).
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A similar proof holds for s, too, if s: M — [0,00). The case s : M — E™ (C™)
results via Theorem 5 and Problem 10(iii) provided S € M; for then by Corollary 1,
vsS < oo ensures the finiteness of vs, s, and s~ even on N

12. Do Problem 11 for semirings M.
[Hint: Use Problem 10(ii).]

*§12. Differentiation of Set Functions

In the proof of Theorem 3 in §10 and the lemmas of that section, we saw the
connection between quotients of the form

Af _ flx) = fp)

Az r—0p

and those of the form
sl

ml’
where m is Lebesgue measure and s is another suitable measure. With this in
mind, we now use quotients sI/ml for forming derivatives of set functions.

Below, m is Lebesgue measure in E";

K = {nondegenerate cubes}.

Definition 1.

Assume the set function
s:M —E (M 2K)
in E™ and that q € E.
(i) We say that ¢ is the derivative of s at a point p € E™ iff

for all sequences {I;} C K, with I, — p (see Definition 1 in §10),

Notation:
d

— (5 = L o5
¢=5'(p) = - -s(p)
If, in addition, |¢| < oo, we say that s is differentiable at p.
If

for at least one such sequence I, — p, we call g a derivate of s at p
and write

q ~ Ds(p).



*§12. Differentiation of Set Functions 211

If s'(p) exists, it is the unique derivate of s at p.

(i) In case E is E* or E', we admit infinite derivates and derivatives.
For any set function

s: M — E*
(measure or not) with
M DK,
we also define
Ds(p) and Ds(p)

exactly as in Definition 3 of §10.

Equivalently, Ds(p) is the least and Ds(p) is the largest derivate
of s at p (Problem 11 in §10). This shows that if E = E* or E = E*,
derivates exist at every p.

Note 1. Hence ¢ = s'(p) in E* iff
q = Ds(p) = Ds(p).

Note 2. We treat Ds, Ds, and s’ as functions on points of E™. Thus they
are point functions, even though s is a set function.

The easy proofs of Theorems 1 and 2 (with £ and M’ D K as above) are
left to the reader.

Theorem 1. If s,t: M’ — E are differentiable at p, so are s +t and ks for
any scalar k. (If s,t are scalar valued, k may be a vector.) Moreover,

(stt) =5+t and (ks) = ks at p.
(See also Problem 7.)

Theorem 2. A set function s: M’ — E" (C") is differentiable at p iff its
components si1,S2,... ,8. are; and then

T
/ / !/ - ./ —
s'=(s1y...,8) = E €;s; atp.
i=1

In particular, for complex functions,

I . / _
§ =8, +1-8y, atp.

The process described in Definition 1 will be called Lebesgue differentiation
or K-differentiation, as opposed to “§Q2-differentiation,” defined next.!

L We follow some ideas by E. Munroe here.
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Definition 2.

Let p* be a G-regular (§5) outer measure in a metric space (S, p); re-
call that

G = {all open sets in S}.

Let p: M — E* be the p*-induced (§6) measure in S.
A countable (two-indexed) set family

Q={Uy M (i,n=1,2,...)

is called a network in S (with respect to p and p) iff
(i*) the space

S=|J Uy (disjoint), i=1,2,...,

n=1
with
0<pUl <oo, i,m=1,2,...;

?

(ii*) each U™ is a subset of some U! (the U! decrease as i increases);

(iii*) for each p € S, there is a sequence

with I — p; that is,
pe ()
k=1
and dI — 0 (dI} = diameter of Ij in (S, p)).

Now, given any set function
ssM —E (M 2Q),

we define derivatives, derivates (also Ds and Ds if E C E*), and differentia-
bility exactly as in Definition 1, replacing K by €, and Lebesgue measure m
by p.

Note that these derivates and derivatives depend not only on p and p but
also on the choice of 2. To stress this, one might write s}, and D, s for s’ and
Ds, respectively. Mostly, however, no confusion is caused by simply writing s’
and Ds (and we shall do so).

A network for E™ is suggested in the “hint” to Problem 2 of §2. See also
Note 3.

2 Thus for each fized i, the U} are disjoint. Also, u is o-finite, and S € M.
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Theorems 1 and 2 carry over to {2-differentiation, with the same proofs. We
shall also need a substitute for the Vitali theorem (Theorem 1 of §10). It is
quite simple.

Definition 3.

Let © be as in Definition 2. A set family NV C Q) is called an Q-covering
of AC (S,p) iff

Aclw,
where [JN is defined to be [Jy o X.

Theorem 3. Let N be an Q-covering of A C S. Then there is a disjoint
sequence

{I;} CN
with

AQUQ

k
so that
ﬁ(A—LJQ)zO
k

and

pwA=p* <AﬂUIk).
k

Proof. As N C Q, NV consists of some of the U'. For each i, let
N ={U:eN|n=1,...},

i.e., N consists of all U, € N with that particular index i.

Now, by Definition 2(i*)(ii*), any two U} are either disjoint, or one contains
the other. (Why?) Thus to construct {I}, start with all the (disjoint) A -sets
(if Nt # (). Then add those U2 € N'? that are not subsets of any set from A/
and hence are disjoint from such sets. Next, add those U3 € N3 that are not
subsets of any set chosen from A' or A2, and so on.

All U! so chosen form a disjoint subfamily X C N that covers all of A, as

Ac v =k
(Why?)
K is countable (as €2 is); so we can put it in a sequence {I}, with
AC UIk (disjoint),
k

as required. [
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We can now prove our main result for - and Q-differentiation alike.

Theorem 4.
(i) Ifs: M' — E* (E", C") is a generalized measure in E™, finite on K, then
s is differentiable a.e. on E™ (under Lebesgue measure m).

(ii) Similarly for Q-differentiation in (S, p), provided s is finite on Q and
reqular.®

Proof. Via components and the Jordan decomposition (Theorem 4 of §11),

all reduces to the case where s is a measure (> 0). Then the proof for K-
differentiation is as in Lemmas 1 and 2 in §10. (Verify!)

For (-differentiation, the proof of Lemma 1 in §10 still works, with -
coverings replaced by 2-coverings.

In the proof of Lemma 2, after choosing rationals v > wu, we choose @,
G O @Q, the Q-covering

I
Kz{IeQ‘IgG, S—<u}
ul

of @, and the sequence {I;} C K, as before. (In selecting G, we use the
G-regularity of p*; the I need not be cubes here, of course.)

Then, however, instead of forming the set (Q,, we use the regularity of s to
select an open set G’ € M’ with

¢oJn2@
k

and
sG' —e < sUIk < Zs[k.

The set family
1
K’:{IeQ‘IgG’, S—>v}
wl

is then an Q-covering of @ (why?); so we find a disjoint sequence {I;} C K’
with
eclncaca

and obtain

u‘(,u*Q+€)zu‘uqu‘ZquEZsIksz'—ezzsI,;—E
k k k

2U-Z,ul,;—es:z/-,uUI,;—eZv-,u*Q—s.
k

3 A signed measure s is called regular iff sT and s~ are regular (Definition 4 in §7). A
complex measure s is regular iff sye and sjy, are. Finally, s: M’ — E" (C") is regular iff all
its components s; are.
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Thus
Ve>0) u-(W"Q+e)>v-u"Q —e.

The rest is as in Lemma 2 of §10. [J

Note 3. If u* = m*, K-derivatives equal Q-derivatives a.e. for a regular s
(Problem 6). One may use € in E™, thus avoiding Theorem 1 of §10 (Prob-
lem 13).

Problems on Differentiation of Set Functions

1. Complete the proofs of Theorems 1 to 4 in detail. Verify Note 1.

2. Verify that the hint for Problem 2 in §2 describes a network for E™ (see
Note 3).

3. Show that the measure p in Definition 2 is necessarily topological.
[Hint: Any G € G is a countable union of Q-sets. Why?]

4. (i) Show that the derivates of s at p form exactly the set D} of all
cluster points of sequences sl /ml; with I, — p and {I;} C K.
Do the same considering sequences slj/ul with I, — p and
{I} C Q.
(ii) Do Problem 11 in §10 for Q-differentiation. Must s be regular
here?

5. Verify that if
(VIeQ) ul=pul°,

then Theorem 4 holds for ()-differentiation even if s is not regular.
[Hint: The proof of Lemma 2 of §10 holds unchanged.]

6. Prove Note 3 assuming that (i) s is regular, or (i) (VI € Q) ul = pul®
(see Problem 5).
[Hint: Imitate Problem 9(b) in §10 and the “Q” part in the proof of Theorem 4.]

7. Prove for K- and Q-differentiation that if
s=ttu (s,t,u: M — E*)
and if u is differentiable at p, then Ds = Dt +u’ and Ds = Dt +/ at p.

8. In Theorem 4 show that Ds = Ds a.e. even if s is not finite on all of
K ().
[Hint: For s > 0, Lemma 1 in §10, still holds. For signed measures, use Problem 7,
noting that st or s~ is finite, hence differentiable a.e.]

9. Prove that if f and s = my are as in the proof of Theorem 3 in §10,
then s and f are differentiable at the same points in E', and s’ = f’
there.
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10.

11.

12.
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[Hint: Use Note 1, Definition 1, and Chapter 5, §1, Problem 9, considering one-sided
derivatives, f\ and f’ ]

Given a universal V-covering K (see Problem 9 in §10), develop K-
differentiation as in Definition 1, replacing K by K" and writing s,
D*s, ... for s', Ds, etc.

Extend Theorems 1-4 and Problem 7 to K -differentiation. Under the

assumptions of Theorem 4, show that s"* = s’ a.e. on E™ (use Problem 9
in §10).
Given a normal V-covering K* of E™ (Problem 8 in §10), develop K*-
differentiation along the lines of Problem 12 in §10 (admitting normal
sequences {[;} only). Do the same questions as in Problem 10, for
KC*-differentiation.

Describe what changes if, in Problem 11, we drop the normality restric-
tion on sequences I, — p (call it strong K*-differentiation; write D**s,
s ete.).
Show that
D*s < D*s < D's<D’s

/%%

on E™, and so the existence of s"** implies that of s*.
However the proof of Lemmas 1 and 2 in §10 fails for D**s and D" s
(at what step?). So does the proof of Theorem 4. What about Theo-

rems 1 and 27



Chapter 8
Measurable Functions. Integration

§1. Elementary and Measurable Functions

From set functions, we now return to point functions
fi8—(T,p)

whose domain Dy consists of points of a set S. The range space T" will mostly
be E, i.e., E', E*, C, E™, or another normed space. We assume f(z) = 0
unless defined otherwise. (In a general metric space 7', we may take some fixed
element ¢ for 0.) Thus Dy is all of S, always.

We also adopt a convenient notation for sets:
“A(P)” for “{x € A| P(x)}.”
Thus
A(f #a) ={z € A| f(z) # a},
Alf =9) ={zc Al f(z) = g(2)},
A(f >g) ={z e A| f(z) > g(2)}, ete.
Definition 1.
A measurable space is a set S # () together with a set ring M of subsets
of S, denoted (S, M).
Henceforth, (S, M) is fixed.

Definition 2.
An M-partition of a set A is a countable set family P = {4;} such that
A= U A; (disjoint),
with 4, A; € M.} "
We briefly say “the partition A = |J A;.”

L'P may be finite; it may even consist of A alone.
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An M-partition P’ = {Byx} is a refinement of P = {A;} (or P’ refines
P, or P’ is finer than P) iff

k

i.e., each Bj;; is contained in some A;.

The intersection P’ M P" of P = {A;} and P” = {By} is understood
to be the family of all sets of the form

AN By, i k=1,2,....
It is an M-partition that refines both P’ and P".

Definition 3.

A map (function) f: S — T is elementary, or M-elementary, on a set
A € M iff there is an M-partition P = {A;} of A such that f is constant
(f = a;) on each A;.

If P={Ai,...,A;} is finite, we say that f is simple, or M-simple,
on A.

If the A; are intervals in E™, we call f a step function; it is a simple
step function if P is finite.?

The function values a; are elements of T' (possibly vectors). They may be
infinite if T'= E*. Any simple map is also elementary, of course.

Definition 4.

A map f: S — (T,p) is said to be measurable (or M-measurable) on a

set A in (S, M) iff

f= lim f,, (pointwise)on A

for some sequence of functions f,,: S — T, all elementary on A. (See
Chapter 4, §12 for “pointwise.”)

Note 1. This implies A € M, as follows from Definitions 2 and 3. (Why?)
Corollary 1. If f: S — (T,p') is elementary on A, it is measurable on A.

Proof. Set f,, = f, m = 1,2,..., in Definition 4. Then clearly f,, — f
on A. [

Corollary 2. If f is simple, elementary, or measurable on A in (S, M), it
has the same property on any subset B C A with B € M.

2 Only simple step functions are needed for a “limited approach.” (One may proceed from
here to §4, treating m as an additive premeasure.)
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Proof. Let f be simple on A;so f =a; on A;,i=1,2,... ,n, for some finite
M-partition, A = J"_, A;.
If AD B e M, then

{BN4;}, i=12,...n,

is a finite M-partition of B (why?), and f = a; on BN A;; so f is simple on B.
For elementary maps, use countable partitions.
Now let f be measurable on A, i.e.,

f= lm fn
for some elementary maps f,, on A. As shown above, the f,, are elementary
on B, too, and f,, — f on B; so f is measurable on B. [J
Corollary 3. If f is elementary or measurable on each of the (countably

many) sets A, in (S, M), it has the same property on their union A =, An.

Proof. Let f be elementary on each A, (so A, € M by Note 1).
By Corollary 1 of Chapter 7, §1,

A=A, =JB.

for some disjoint sets B, C A,, (B, € M).

By Corollary 2, f is elementary on each B,; i.e., constant on sets of some
M-partition {B,;} of B;.
All B,,; combined (for all n and all 7) form an M-partition of A,

A:UBn :UBm-.

As f is constant on each B,;, it is elementary on A.

For measurable functions f, slightly modify the method used in Corol-
lary 2. [

Corollary 4. If f: S — (T,p') is measurable on A in (S, M), so is the com-
posite map g o f, provided g: T — (U, p"’) is relatively continuous on f[A].

Proof. By assumption,

f= lim f,, (pointwise)
m—00

for some elementary maps f,, on A.
Hence by the continuity of g,

9(fm(x)) = g(f(2)),
i.e, go frn — go f (pointwise) on A.
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Moreover, all g o f,,, are elementary on A (for g o f,, is constant on any
partition set, if f,, is).
Thus g o f is measurable on A, as claimed. [

Theorem 1. If the maps f,g,h: S — E* (C) are simple, elementary, or mea-
surable on A in (S, M), so are f £ g, fh, |f|* (for real a # 0) and f/h (if
h#0 on A).

Similarly for vector-valued f and g and scalar-valued h.

Proof. First, let f and g be elementary on A. Then there are two M-

partitions,
A=A =B,

such that f = a; on A; and g = b on By, say.
The sets A; N By, (for all i and k) then form a new M-partition of A (why?),
such that both f and g are constant on each A; N By (why?); hence so is f +g.
Thus f + g is elementary on A. Similarly for simple functions.
Next, let f and g be measurable on A; so

f=lim f,, and g = lim g,,, (pointwise) on A

for some elementary maps fi,, gm-
By what was shown above, f,, &+ g,, is elementary for each m. Also,

fm £ 9m — f £ g (pointwise) on A.

Thus f 4 ¢ is measurable on A.
The rest of the theorem follows quite similarly. [

If the range space is E™ (or C"), then f has n real (complex) components
fis.-- s fn, as in Chapter 4, §3 (Part II). This yields the following theorem.

Theorem 2. A function f: S — E™(C"™) is simple, elementary, or measur-
able on a set A in (S, M) iff all its n component functions f1, fa,... , fn are.

Proof. For simplicity, consider f: S — E2%, f = (f1, f2).
If f; and fy are simple or elementary on A then (exactly as in Theorem 1),
one can achieve that both are constant on sets A; N By of one and the same

M-partition of A. Hence f = (f1, f2), too, is constant on each A; N By, as
required.

Conversely, let
f=¢ = (ai,b;) on C;

A:U@

Then by definition, f; = a; and fo = b; on C;; so both are elementary (or
simple) on A.

for some M-partition
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In the general case (E™ or C™), the proof is analogous.

For measurable functions, the proof reduces to limits of elementary maps
(using Theorem 2 of Chapter 3, §15). The details are left to the reader. [

Note 2. As C = E?, a complex function f : S — C is simple, elementary,
or measurable on A iff its real and imaginary parts are.

By Definition 4, a measurable function is a pointwise limit of elementary
maps. However, if M is a o-ring, one can make the limit uniform. Indeed, we
have the following theorem.

Theorem 3. If M is ao-ring, and f: S — (T, p') is M-measurable on A, then
f= lim g, (uniformly) on A

for some finite elementary maps g,.

Thus given € > 0, there is a finite elementary map g such that p'(f,g) < ¢
on A34

The proof will be given in §2 for 7' = E*. The general case is sketched in
Problem 7 of §2. Meanwhile, we take the theorem for granted and use it below.

Theorem 4. If M is a o-ring in S, if
fm — [ (pointwise) on A

(fm: S — (T,p"), and if all f,, are M-measurable on A, so also is f.4

Briefly: A pointwise limit of measurable maps is measurable (unlike contin-
uous maps; cf. Chapter 4, §12).

Proof. By the second clause of Theorem 3, each f,, is uniformly approximated
by some elementary map g,, on A, so that, taking e =1/m, m=1,2,...,

(1) o' (fm (), gm(x)) < k= for all x € A and all m.
m

Fixing such a g, for each m, we show that g,, — f (pointwise) on A, as
required in Definition 4.

Indeed, fix any = € A. By assumption, f,,(x) — f(z). Hence, given § > 0,

3k) (Ym > k) p'(f(z), fm(x)) <.

Take k so large that, in addition,

1
(Vm>k) — <.
m

3 We briefly write p/(f, g) for sup,es o (f(2), 9()).
4 The theorem holds also for T'= E*, with p’ as in Problem 5 of Chapter 3, §11.
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Then by the triangle law and by (1), we obtain for m > k that
p'(f(2), gm (@) < 0 (f(@), fin () + p'(frn (@), G ()
1
<0+ — < 20.
m

As 0 is arbitrary, this implies p/(f(z), gm(x)) — 0, i.e., gm(z) — f(x) for
any (fixed) x € A, thus proving the measurability of f. O

Note 3. If
M = B (= Borel field in 5),

we often say “Borel measurable” for M-measurable. If
M = {Lebesgue measurable sets in E™},

we say “Lebesgue (L) measurable” instead. Similarly for “Lebesgue—Stieltjes
(LS) measurable.”

Problems on Measurable and
Elementary Functions in (S, M)

1. Fill in all proof details in Corollaries 2 and 3 and Theorems 1 and 2.
2. Show that P’ M P" is as stated at the end of Definition 2.
3. Given AC Sand f, fr,: S — (T,p)), m=1,2,..., let

HZA(fm_Nf)

and 1
Amn = A(P/(fm,f) < _)'

n
Prove that

oo xS oo

O 7=1U M Ann

n=1k=1m=k
(ii) H € M if all A,,,, are in M and M is a o-ring.
[Hint: z € H iff
(Vn) (3k) (Ym>k) x€ Amn.
Why?]

3’. Do Problem 3 for T'= E* and f = 400 on H.
[Hint: If f = 400, Amn = A(fm > n).]
=4. Let f: S — T be M-elementary on A, with M a o-ring in S. Show the
following.

(i) A(f=a) e M, A(f # a) € M.
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=6.

=T.

=8.

(ii) If T'= E*, then
A(f <a), A(f > a), A(f > a), and A(f > a)

are in M, too.
(iii) (VB CT) An f~YB] € M.
[Hint: If

and f = a; on A;, then A(f = a) is the countable union of those A; for which a; = a.]

Do Problem 4(i) for measurable f.
[Hint: If f = lim fy, for elementary maps fr,, then

H=A(f=a)=A(fm — a).
Express H as in Problem 3, with

A = A(hm < %)

where hm = p'(fm,a) is elementary. (Why?) Then use Problems 4(ii) and 3(ii).]
Given f,g: S — (T, p'), let h =p'(f,9g), i.e.,

h(z) = p'(f(z), g(z)).

Prove that if f and g are elementary, simple, or measurable on A, so
is h.
[Hint: Argue as in Theorem 1. Use Theorem 4 in Chapter 3, §15.]
A set B C (T, p') is called separable (in T) iff B C D (closure of D) for
a countable set D C T

Prove that if f: S — T is M-measurable on A, then f[A] is separable
in T
[Hint: f = lim f,, for elementary maps fp,; say,

fm =amison Ap; €M, i=1,2,....

Let D consist of all am; (m,i = 1,2,...); so D is countable (why?) and D C T.
Verify that

(Vy e flA) Bz e A) y= f(z)=lim fn (),

with fm,(z) € D. Hence
(Vy € fl[A) yeD,

by Theorem 3 of Chapter 3, §16.]
Continuing Problem 7, prove that if B C D and D = {q1, qo, ...}, then

(Vn) BC @quG).

n
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[Hint: If p€ B C D, any Gp(%) contains some g; € D; so

1 1
p'(p,q;) < —, or p € Gy, (—)
n n

Thus oo
(vpeB) pe |Gy (%)]

=1

9. Prove Corollaries 2 and 3 and Theorems 1 and 2, assuming that M is a
semiring only.

10. Do Problem 4 for M-simple maps, assuming that M is a ring only.

§2. Measurability of Extended-Real Functions

Henceforth we presuppose a measurable space (S, M), where M is a o-ring in
S. Our aim is to prove the following basic theorem, which is often used as a
definition, for extended-real functions f: S — E*.

Theorem 1. A function f: S — E* is measurable on a set A € M iff it
satisfies one of the following equivalent conditions (hence all of them):

(i*) (Vae E*) A(f >a) € M; (ii*) (Va € E*) A(f > a) € M;
(iii*) (Va € E*) A(f < a) € M; (iv") Va € E*) A(f <a) e M.
We first prove the equivalence of these conditions by showing that (i*) =

(ii*) = (iii*) = (iv*) = (i*), closing the “circle.”
(i*) = (ii*). Assume (i*). If a = —o0,

A(f >a)=AeM

by assumption. If a = +oo,
A(F 2 a) = A(f = 00) = () A(f > ) € M
by (i*). And if a € E", -
A(f > a) = ﬁ1A<f>a— %)

(Verify!) By (i*),
A<f >a— %) e M,

so A(f > a) € M (a o-ring!).
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(ii*) = (iii*). For (ii*) and A € M imply

A(f <a)=A—A(f >a) e M.
(iii*) = (iv*). If a € B,

A(f <a)= ﬂA<f<a+3) e M.
n=1 n
What if a = £00?

(iv*) = (i*). Indeed, (iv*) and A € M imply

A(f >a)=A—A(f <a) e M.

Thus, indeed, each of (i*) to (iv*) implies the others. To finish, we need two
lemmas that are of interest in their own right.
Lemma 1. If the maps f,,: S — E* (m = 1,2,...) satisfy conditions (i*)-
(iv*), so also do the functions

sup fm7 inffmf manﬂ cmd h_mfm7
defined pointwise, i.e.,
(sup fm)(x) = sup fm(z),

and similarly for the others.

Proof. Let f = sup f,,. Then
A(f <a)= () Alfm <a). (Why?)

But by assumption,

A(fm <a) e M
(fm satisfies (iv*)). Hence A(f < a) € M (for M is a o-ring).
Thus sup f,, satisfies (i*)—(iv*).
So does inf f,,; for

o0

A(inf frn > a) = (] A(fm > a) € M.
m=1
(Explain!)
So also do lim f,,, and lim f,,; for by definition,
lim f,,, = sup gy,
k

where
— inf
gk = lgkfm
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satisfies (i*)—(iv*), as was shown above; hence so does sup gx = lim f,,.
Similarly for lim f,,. O
Lemma 2. If f satisfies (i*)—(iv*), then
f= lim f,, (uniformly) on A
for some sequence of finite functions f,,, all M-elementary on A.
Moreover, if f > 0 on A, the f,, can be made nonnegative, with {f,,}T on A.
Proof. Let H = A(f = 40), K = A(f = —o0), and

form=1,2,... and k=0,+1,£2,... ,£+n,....
By (i*)—(iv"),
H=A(f =+400) = A(f > +00) € M,

K e M, and
kE—1 k
A :A(f < 2—m) mA(f < 2—m) e M.
Now define
kE—1
(VYm) fm= S on Ak,
fm =mon H, and f,, = —m on K. Then each f,, is finite and elementary on
A since

(Vm) A=HUKU U Ak (disjoint)

k=—oc0

and f,, is constant on H, K, and A,,x.
We now show that f,, — f (uniformly) on H, K, and

J = [_OJ Amkzu

k=—o0
hence on A.

Indeed, on H we have
lim f,, =limm = +o00 = f,

and the limit is uniform since the f,, are constant on H.
Similarly,
fm=—m— —oc0o=fonkK.

Finally, on A, we have

(k—1)27™ < f<k2™™
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and f,, = (k—1)27"; hence
lfm — fI<k2™™ —(k—-1)27™m =27,

Thus
lfm — fl<27™ =0

on each Ak, hence on

k=—o0

By Theorem 1 of Chapter 4, §12, it follows that f,, — f (uniformly) on J.
Thus, indeed, f,, — f (uniformly) on A.

If, further, f > 0 on A, then K = () and A,,, = 0 for k¥ < 0. Moreover,
on passage from m to m + 1, each A, (k > 0) splits into two sets. On one,

fm+1 = fm§ on the other, fm+1 > fm- (Why?)
Thus 0 < f,, /" f (uniformly) on A, and all is proved. [

Proof of Theorem 1. If f is measurable on A, then by definition, f = lim f,,
(pointwise) for some elementary maps f,,, on A.

By Problem 4(ii) in §1, all f,, satisfy (i*)—(iv*). Thus so does f by Lemma 1,
for here f = lim f,, = limf,,.

The converse follows by Lemma 2. This completes the proof. [J

Note 1. Lemmas 1 and 2 prove Theorems 3 and 4 of §1, for f: S — E*.
By using also Theorem 2 in §1, one easily extends this to f: S — E™(C™).
Verify!

Corollary 1. If f: S — E* is measurable on A, then
Vae E") A(f=a) e M and A(f # a) € M.
Indeed,
A(f =a) =A(f Za)NA(f <a) e M

and

A(f £a)=A—A(f =a) e M.
Corollary 2. If f: S — (T, p') is measurable on A in (S, M), then
Anf Gl e M
for every globe G = G4(0) in (T, p').
Proof. Define h: S — E' by
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Then h is measurable on A by Problem 6 in §1. Thus by Theorem 1,
A(h < 6) € M.
But as is easily seen,
Ah <0)={z € A| p/(f(x),q) <3} = AN [7[Gy(0)]-
Hence the result. [J

Definition.

Given f,g:S — E*, we define the maps fV gand f Agon S by
(f vV g)(@) = max{f(z),g(z)}

and
(f A g)(z) = min{f(z),g(z)};

similarly for fV gV h, f AgA h, etc.
We also set
ff=fvoand f- =—fVO0.

Clearly, ft >0and f~ >0on S. Also, f=fT —f~ and |f| = fT + f~.
(Why?) We now obtain the following theorem.

Theorem 2. If the functions f,g: S — E* are simple, elementary, or mea-
surable on A, so also are f +g, fg, fVg, fANg, fT, f~, and |f]* (a #0).

Proof. If f and g are finite, this follows by Theorem 1 of §1 on verifying that

fvg=5(+a+1f—g)

and .
f/\9=5(f+9—\f—9\)

on S. (Check it!)
Otherwise, consider

A(f = +00), A(f = —o0), A(g = +0), and A(g = —o0).

By Theorem 1, these are M-sets; hence so is their union U.

On each of them fV gand f Ag equal f or g; so by Corollary 3 in §1, fV g
and f A g have the desired properties on U. So also have f* = f Vv 0 and
f==—=fVO0 (take g = 0).

We claim that the maps f 4+ ¢g and fg are simple (hence elementary and
measurable) on each of the four sets mentioned above, hence on U.

For example, on A(f = +00),

f £+ g =400 (constant)
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by our conventions (2*) in Chapter 4, §4. For fg, split A(f = +00) into three
sets Ay, Ay, A3 € M, with ¢ > 0 on Ay, g <0 on As, and g = 0 on As; so
fg=4ocon Ay, fg = —00 on Ay, and fg =0 on As. Hence fg is simple on
A(f = +00).

For |f|*, use U = A(]f| = o0). Again, the theorem holds on U, and also on
A—U, since f and g are finite on A—U € M. Thus it holdson A = (A-U)UU,
by Corollary 3 in §1. [J

Note 2. Induction extends Theorem 2 to any finite number of functions.

Note 3. Combining Theorem 2 with f = f™ — f~, we see that f: S — E*
is simple (elementary, measurable) iff fT and f~ are. We also obtain the
following result.

Theorem 3. If the functions f,g: S — Ex are measurable on A € M, then
A(f =z g) e M, A(f <g) e M, A(f = g) € M, and A(f # g) € M.

(See Problem 4 below.)

Further Problems on Measurable Functions in (S, M)

1. In Theorem 1, give the details in proving the equivalence of (i*)—(iv*).
2. Prove Note 1.

2’. Prove that f = f* — f~ and |f| = fT + .

3. Complete the proof of Theorem 2, in detail.

=>4. Prove Theorem 3.
[Hint: By our conventions, A(f > g) = A(f —g > 0) even if g or f is oo for
some z € A. (Verify all cases!) By Theorems 1 and 2, A(f — g > 0) € M; so
A(f > g) e M, and A(f <g)=A—A(f > g) € M. Proceed.]

5. Show that the measurability of | f| does not imply that of f.
[Hint: Let f =1on Q and f = —1 on A — Q for some Q ¢ M (Q C A); e.g., use Q
of Problem 6 in Chapter 7, §8.]
=6. Show that a function f > 0 is measurable on A iff f,,, / f (pointwise)
on A for some finite simple maps f,, > 0, {fm}1.

[Hint: Modify the proof of Lemma 2, setting Hy, = A(f > m) and fp, = m on Hy,,
and defining the A,,; for 1 < k < m2™ only.]

=-7. Prove Theorem 3 in §1.
[Outline: By Problems 7 and 8 in §1, there are ¢; € T such that

tm riac JGa(2).
=1
Set
A= An f1 [qu (%)] €M

by Corollary 2; so p/(f(z),q;) < % on Ap;.
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=8.

=9.

10.
11.

12.
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By Corollary 1 in Chapter 7, §1,

A= Ej Ay = Ej By, (disjoint)
i i=1

for some sets Bp; € M, By C Api. Now define g, = q; on Byy; so p' (f,gn) < % on
each B,;, hence on A. By Theorem 1 in Chapter 4, §12, g, — f (uniformly) on A.]

Prove that f: S — E! is M-measurable on A iff AN f~[B] € M for
every Borel set B (equivalently, for every open set B) in E'. (In the
case f: S — E*, add: “and for B = {£o00}.”)
[Outline: Let

R={XCE'|Anf1X]e M}

Show that R is a o-ring in E'.
Now, by Theorem 1, if f is measurable on A, R contains all open intervals; for
AN 7 (a,b)] = A(f > a) N A(f < b).

Then by Lemma 2 of Chapter 7, §2, R O G, hence R 2 B. (Why?)
Conversely, if so,

(a,00) ER = AN f 1 (a,00)] € M = A(f > a) € M.]

Do Problem 8 for f: § — E".
[Hint: If f = (f1,...,fn) and B = (a,b) C E™, with a = (a1,...,an) and b =
(b1,...,bn), show that

n

ﬂ (aka bk)

Apply Problem 8 to each fr: S — E!' and use Theorem 2 in §1. Proceed as in
Problem 8.]

Do Problem 8 for f: S — C", treating C" as E?".

Prove that f: S — (T, p’) is measurable on A in (S, M) iff
(i) An f71[G] € M for every open globe G C T, and
(ii) f[A] is separable in T (Problem 7 in §1).

[Hint: If so, proceed as in Problem 7 (without assuming measurability of f) to show
that f = lim g,, for some elementary maps g, on A. For the converse, use Problem 7
in §1 and Corollary 2 in §2.]
(i) Show that if all of T" is separable (Problem 7 in §1), there is a
sequence of globes G, C T such that each nonempty open set
B C T is the union of some of these G..

(ii) Show that E™ and C™ are separable.

[Hints: (i) Use the qu(%) of Problem 8 in §1, putting them in one sequence.
(ii) Take D = R™ C E™ in Problem 7 of §1.]
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13. Do Problem 11 with “globe G C T replaced by “Borel set B C T.”
[Hints: Treat f as f: A — T', T’ = f[A], noting that

Anf Bl =AnfYBNT).

By Problem 12, if B # () is open in T, then B NT’ is a countable union of “globes”
GqNT in (T',p"); see Theorem 4 in Chapter 3, §12. Proceed as in Problem 8§,
replacing E' by T'.]

14. A map g: (T,p") — (U, p") is said to be of Baire class 0 (g € By) on
D C T iff g is relatively continuous on D. Inductively, g is of Baire
classn (g € By, n > 1) iff g = lim g,,, (pointwise) on D for some maps
gm € B,_1. Show by induction that Corollary 4 in §1 holds also if
g € B,, on f[A] for some n.

§3. Measurable Functions in (S, M, m)

I. Henceforth we shall presuppose not just a measurable space (§1) but a mea-
sure space (S, M,m), where m: M — E* is a measure on a o-ring M C 2.

We saw in Chapter 7 that one could often neglect sets of Lebesgue measure
zero on E"—if a property held everywhere except on a set of Lebesgue measure
zero, we said it held “almost everywhere.” The following definition generalizes
this usage.

Definition 1.

We say that a property P(zx) holds for almost all © € A (with respect to
the measure m) or almost everywhere (a.e.(m)) on A iff it holds on A—Q
for some @Q € M with m@ = 0.

Thus we write
fn — f (a.e.) or f=1lim f, (a.e.(m)) on A

iff f,, — f (pointwise) on A — @, m@Q = 0. Of course, “pointwise” implies
“a.e.” (take @ = ), but the converse fails.
Definition 2.
We say that f: S — (T, p') is almost measurable on A iff A € M and f
is M-measurable on A — @), m@Q = 0.

We then also say that f is m-measurable (m being the measure in-
volved) as opposed to M-measurable.

Observe that we may assume ) C A here (replace Q by AN Q).

*Note 1. If m is a generalized measure (Chapter 7, §11), replace m@ = 0
by v, Q = 0 (v, = total variation of m) in Definitions 1 and 2 and in the
following proofs.
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Corollary 1. If the functions
fan: S—(T,p), n=12,...,
are m-measurable on A, and if

fo = [ (a.e(m))
on A, then f is m-measurable on A.

Proof. By assumption, f,, — f (pointwise) on A — Qo, mQo = 0. Also, f, is
M-measurable on

A—Qn, mQ,=0, n=1,2,....

(The @, need not be the same.)
Let

Q = U Qn;
n=0
SO

n=0

By Corollary 2 in §1, all f,, are M-measurable on A — @ (why?), and f,, — f
(pointwise) on A — Q, as A —Q C A — Q.

Thus by Theorem 4 in §1, f is M-measurable on A — Q. As mQ@Q = 0, this
is the desired result. [J

Corollary 2. If f =g (a.e. (m)) on A and f is m-measurable on A, so is g.
Proof. By assumption, f = g on A — Q1 and f is M-measurable on A — )5,
with m@Q; = mQs = 0.

Let Q = Q1 UQ2. Then m@Q =0and g= f on A— Q. (Why?)

By Corollary 2 of §1, f is M-measurable on A — ). Hence so is g, as
claimed. [J

Corollary 3. If f: S — (T,p') is m-measurable on A, then
f= lim f, (uniformly) on A —Q (mQ = 0),

for some maps f,, all elementary on A — Q.

(Compare Corollary 3 with Theorem 3 in §1).

Quite similarly all other propositions of §1 carry over to almost measurable
(i.e., m-measurable) functions. Note, however, that the term “measurable” in
§81 and 2 always meant “M-measurable.” This im